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Ch. 1: Algebraic Methods

June 2024 Question 15 Paper 1

15. (i) Show that k* — 4k + 5 is positive for all real values of .

()
(i1) A student was asked to prove by contradiction that
“There are no positive integers x and y such that (3x + 2y)(2x — 5y) =28~
The start of the student’s proof is shown below.
Assume that positive integers x and y exist such that
(3x+2y)(2x-5y) =28
If 3x+2y=14and 2x— 5y =2
Ix+2y=14 74 22 .
= x = —, y =— Notintegers
2x -5y =2 19 19
Show the calculations and statements needed to complete the proof.
)
ANSWER
Question Scheme Marks AOs
150) K -4k+5=(k-2)"+ .. M 2.1
k' —8k+5=(k-2)"+1s0 k* —4k+5 ...1
Al* 24
so k* —4k+5 is always positive*
(2)
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June 2022 Question 7 Paper 1

7. (i) Given that p and g are integers such that

pg is even

use algebra to prove by contradiction that at least one of p or ¢ is even.

(ii) Given that x and y are integers such that
« x<0
¢ (x+y)P < oxt4y?

show that y > 4x

Arancha Ruiz
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ANSWER

Question Scheme Marks | AOs
7 (i) For setting up the contradiction:
There exists integers p and g such that pq is even and both p and Bl 2.5
g are odd
For example, sets p=2m+1 and g =2n+1 and then attempts
pg=(2m+1)(2n+1)=... M 1.1
Obtains pg ={2m + l]{2n + l) =4dmn+2m+2n+l
=2(2mn+m+n)+1
Al* 2.1
States that this is odd, giving a contradiction so
"if pg is even, then at least one of p and ¢ is even" *
3)
(i)
(x+») <95 +y" = 2xy <8x° Ml 2.2a
States that as
x<0=2y>8x Al* 2.1
= y>4x *
)
(5 marks)
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November 2021 Question 1 Paper 1

1. f(x)=ax? + 10x* — 3ax — 4
Given that (x — 1) i1s a factor of f(x), find the value of the constant a.

You must make your method clear.

(3)
ANSWER
Question Scheme Marks AOs
1 f(1)=a(1)’ +10(1)" -3a(1)-4=0 Ml | 3.la
6-2a=0=a=.. MI 1.1b
a=3 Al 1.1b
(3)
(3 marks)
Notes

Aroncha Ruiz
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November 2021 Question 15 Paper 1

15. (i) Use proof by exhaustion to show that for n € N, n < 4

(n+ l)1 >3
(2)
(i) Given that m® + 5 is odd, use proof by contradiction to show, using algebra, that m
1s even.
(4)
ANSWER
Question Scheme Marks | AOs
15(i) n=1,2"=8 3 =3 (8>3)
n=2,3 =27, 3" =9, (27>9)
; s M1 2.1
n=3, 4 =64, 3 =27, {64}2?)
n=4, 5 =125, 3" =81, (125>81)
Soif n< 4, nel then (n+ 1) > 3" Al 24
2)
(ii) Begins the proof by negating the statement.
n " " = Ll Ml 2'4
Let m be odd " or "Assume m 1s not even
Set m=(2p+1) and attempt m’ +5=(2p+1)*+5=_ M1 2.1
=8p’ + 12p* + 6p + 6 AND deduces even Al 22a
Completes proof which requires reason and conclusion
e reason for 8p° + 12p* + 6p + 6 being even Al 24
e acceptable statement such as "this is a contradiction '
so if m®+ 5 is odd then m must be even"
(4)
(6 marks)
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November 2020 Question 16 Paper 1

16. Prove by contradiction that there are no positive integers p and g such that

4p*—¢* =25
(4)
ANSWER
Question Scheme Marks AOs
16 Sets up the contradiction and factorises:
There are positive integers p and g such that M 71
(2p+q)(2p-q)=25
2p+q=125 2p+g=35
If true then or
2p-q=1 2p-q=5 MI 2.2a
Award for deducing either of the above statements
Solutions are p=65,g=12 or p=254=0
Al 1.1b
Award for one of these
This is a contradiction as there are no integer solutions hence
Al 21
there are no positive integers p and g such that 4,7 —4* = 25
)
(4 marks)

Video solution:

https://youtu.be/gl3zrmAFyJU
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Ch. 2: Functions and Graphs

June 2024 Question 8 Paper 1

8. The functions f and g are defined by
fx)=4-3x =xeR
5 9
=— e R, x# =
A
(a) Find fg(2)

(b) Find g™’

(c) (1) Find gf(x), giving your answer as a simplified fraction.

(i1) Deduce the range of gf(x).

The function h 1s defined by

h(x)=2x" -6x+k xeR
where k is a constant.
(d) Find the range of values of & for which the equation

f(x) = h(x)

has no real solutions.

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
8(a) 5 )
fe(2)=4-3 . =... Ml 1.1b
5(2) 2(2)-9
fg(2)=1 Al 1.1b
(2)
5
(b) y:mz 2xy-9y=5=2xy=5+9y M1 1.1b
2)«:]3:‘.‘Hﬁ)}’::».vc:f’;rj Al 21
y
549
g l(x) = ;xxx:tﬂ{xelﬁi} Al 25
3)
(c)(i) . 5
f(x)=} —————
{ef(x)=) 24 -3)-9 M1 1.1b
- 5 or =5
Col-6xt 146X Al I.1b
(i) -5<gf(x) <0 B1 22a
3)
(d) f(x)=h(x)=4-3x"=2x"-6x+k
] M1 1.1b
=5x —6x+k-4=0
b —dac <0=>36-4(5)(k-4)<0=k> .. dM1 3.1a
k>58 oe, Al 22a
)
(11 marks)
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June 2024 Question 6 Paper 1

}’n

0

Figure 1

Figure | shows a sketch of the graph with equation
y= 3‘:( - 2| +5

The vertex of the graph is at the point P, shown in Figure 1.

(a) Find the coordinates of P.

(b) Solve the equation
16 —4x =3|x—2|+5

A line [ has equation y = kx + 4 where k is a constant.
Given that / intersects y = S‘x = 2‘ + 5 at 2 distinct points,

(c) find the range of values of k.

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
6(a) x=2 or y=35 Bl 1.1b
P(2,5) Bl 2.2a
(2)
(b) 16—4x=3(x-2)+5=x=. M1 1.1b
17
x=— Al 2.1
i
(2)
© kp.=3o0rk, = ?'2_"4 M1 3.1a
%<k<3 Al 25
(2)
(6 marks)
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June 2023 Question 12 Paper 2

12.

~v

Figure 2

The number of subscribers to two different music streaming companies is
being monitored.

The number of subscribers, N, , in thousands, to company A is modelled by
the equation

N, =t-3+4 t

W
=

where 7 is the time in years since monitoring began.

The number of subscribers, N,, in thousands, to company B is modelled by
the equation

Ny =812t -6 t=20
where ¢ is the time in years since monitoring began.
Figure 2 shows a sketch of the graph of N, and the graph of N, over a 5-year period.
Use the equations of the models to answer parts (a), (b), (¢) and (d).

(a) Find the initial difference between the number of subscribers to company A and the
number of subscribers to company B.

(2)
When =T company A reduced its subscription prices and the number of
subscribers increased.
(b) Suggest a value for 7, giving a reason for your answer.

(2)

Arancha Ruiz
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(c) Find the range of values of 7 for which N, > N, giving your answer in set notation.

(3)
(d) State a limitation of the model used for company B.
(1)
ANSWER

Question Scheme Marks | AOs
12(a) N,-N,=(3+4)-(8-6)=... M1 | 3.4
5000 (subscribers) Al |3.2a

2
(b) (T :)3 B1 34
This was the point when company A had the lowest number of subscribers | Bl 24

2)

(c)
—t+7=2t+2 oe. or t+1=14-2¢ oe. B1 |3.1a
—t+7=2t+2 oe. >t=.. or t+1=14-2¢ oe. =>1=... M1 | 34
One of the two critical values ¢ :% or t= LE) Al | 1.1b
Chooses the outside region for their two values of ¢
Both Of [ < IIE"’ > OIEIO Alft 2.23
3 3

{IER:I<§}U{IER:I>?} Al 25

&)
(d) The number of subscribers will become negative (when ¢ > 7) B1 |[3.5b

0]
(10 marks)

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths

17



June 2023 Question 7 Paper 1

7. The function f is defined by

f(x)=3+Jx-2 xeR x>2
(a) State the range of f
(1)
(b) Find '
3)
The function g is defined by
- R #3
g(x) Y _3 X € X
(c) Find gf(6)
(2)
ANSWER
Question Scheme Marks AOs
7(a) f(x)>3 Bl 1.1b
(1)
(b) y=3+Jx-2=x=.. MI 1.1b
fl(x)=(x-3)"+2 Al 1.1b
x>3 Blft 2.2a
3)
. 15
© [(6)=3+6-2 =52 g("5") = = Ml I.1b
15
=— Al 1.1b
2
(2)
(@) (.5 5, _ 15 .,
3+4Ja"+2- =—3:>'a -9=15" M1 1.1b
a_
a=2J6 Al 22a
(2)
(8 marks)
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June 2022 Question 10 Paper 2

10. The function f is defined by

8x+35
f(x) = X > —=
*x) 2x+3 2
(a) Find f"'[él
2
(b) Show that
flx)y=A4+
) 2x +3
where 4 and B are constants to be found.
The function g is defined by
gx)=16—x" 0<x<4

(c) State the range of g’

(d) Find the range of fg'

Arancha Ruiz
Copyriah-i- 2023 © Better your Maths
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ANSWER
Question Scheme Marks AOs
10(a) Attempts to solve 3 = Bx+3 = x=..
2 2x+3
3 5_ 3 M1 3.1a
Or substitutes x = 5 mtu al
: Al 1.1b
~10 X
(2)
(b) 8x+5
[2.\‘+3_] %13 M1 I.1b
8x+5 4 7 Al 21
2x+3 2x+3 .
(2)
(c) 0<g'(x)<4 Bl 2.2a
(1)
(d) Attempts either boundary
8xﬁ+5 Bxd+5 M1 3.1a
HO0) =7 573 o f(4]_2x4+3
Attempts both boundaries
Ex0+5 Bx4d+5 dM1 1.1b
(=757 2d f4)=7773
Range % fg~ {T)c: 3? Al 2.1
3)

Video solution:

https://youtu.be/EhjiZKTGzTwM

Aroncha Ruiz
Copyriah-l- 2023 © Better your Maths
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June 2022 Question 1 Paper 2

1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
VA
0]
Figure 1
Figure 1 shows a sketch of the graph with equation y = |3 - ?,Jl|
Solve
3-2x|=7+x
4
ANSWER
Question Scheme Marks AOs
1 For an attempt to solve Ml L1b
Either 3-2x=T74+x=x=... or 2x-3=T4+x=x=.. '
Either x:-% or x=10 Al l.1b
For an attempt to solve
Both 3-2x=7+x=x=... and 2x-3=T+x=>x=.. dM1 L.1b
For both x = —% and x =10 with no extra solutions Al 1.1b
“)

Aroncha Ruiz
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June 2022 Question 1 Paper 1

1. The point P(—2, —5) lies on the curve with equation y=1f(x), xR

Find the point to which P i1s mapped, when the curve with equation y = f(x)
is transformed to the curve with equation

(a) y=~1f(x)+2

(1)
(b) y = |f(x)|
(1)
(¢) y=3f(x—-2)+2
(2)
ANSWER
Question Scheme Marks AQOs
1 (a) (-2,-3) Bl 1.1b
(1)
(b) (=2, 5) Bl 1.1b
(1)
(c) Either x=0o0r y=-13 M1 1.1b
(0,-13) Al l.1b
(2)
(4 marks)
Notes:

Aroncha Ruiz
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November 2021 Question 2 Paper 1

2. Given that

f(x)=x>—4x+5 xelR

(a) express f(x) in the form (x + a)* + b where a and b are integers to be found.

(2)
The curve with equation y = fi(x)
* meets the y-axis at the point P
has a minimum turning point at the point Q
(b) Write down
(1) the coordinates of P
(11) the coordinates of O
(2)
ANSWER
Question Scheme Marks | AOs
2(a) f(x)=(x-2)"+.. Ml | 1.2
f(x)=(x-2)"+1 Al | Llb
(2)
(b)) P=(0,5) B | Lib
(b)) 0=(2.1) BIft | LIb
(2)
(4 marks)

Aroncha Ruiz
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November 2021 Question 2 Paper 2

2. The functions f and g are defined by

fx)=7-2> x€R

:BV:/J/J>

(x) = s €ER x;tl
eW=5 5
(a) State the range of f
(1)
(b) Find gf(1.8)
(2)
(c) Find g''(x)
(2)
ANSWER
Question Scheme Marks | AOs
2(a) y < 7 Bl 25
(1)
(b) > 3x0.52
f(1.8)=7—-2x1.8 =0.52 f(1.8)=g(0.52)=———F—=.. .
(18) x = gf(1.8)=g(0.52) = ———— ML | Llb
39
gf (1.8)=0.975 oe eg. — Al I.1b
40
(2)
(c) 3x
_].-'=5T_1:>5x_1-‘—y=3.r:>x[5_1-‘—3)=y M1 1.1b
Fo_ _ x
(g7 (x) )S_r—3 Al 2.2a
(2)
(5 marks)

Aroncha Ruiz
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November 2021 Question 11 Paper 2

VA

") J

Figure 4
Figure 4 shows a sketch of the graph with equation
y=|2x - 3k|
where k 1s a positive constant.
(a) Sketch the graph with equation y = f(x) where
f(x) =k—|2x - 3k|
stating

+ the coordinates of the maximum point

+ the coordinates of any points where the graph cuts the coordinate axes

4)
(b) Find, in terms of £, the set of values of x for which
k—|2x—3k|>x—k

giving your answer in sct notation.

4)

(c) Find, in terms of &, the coordinates of the minimum point of the graph with equation

y=3- .Sf[l x]
2

(2)

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
11(a)
y
(1.5k, k)
0 k 2k )
-2k
A shape 1n any position Bl 1.1b
Correct x-intercepts or coordinates Bl 1.1b
Correct y-intercept or coordinates BI 1.1b
Correct coordinates for the vertex of a A shape Bl 1.1b
C))
(b) x=k Bl 2.2a
k-(2x-3k)=x-k=x=_. Ml | 3.la
Sk
Iz? Al 1.1b
Set notation is required here for this mark
{x:x<%}ﬁ{x:x>k} Al 2.5
(6]
(c) x=3k or y=3 -5k Blft 2.2a
x=3k and y=3 -5k B1ft 22a
(2)
(10 marks)

Video solution:

https://youtu.be/1jKajcJ28-8

Aroncha Ruiz
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November 2020 Question 4 Paper 1

4. The function f is defined by

f(x) = xelB,x=2

x—2

(a) Find £ '(7)

(2)
. ax + b . .
(b) Show that ff(x)= 3 where a and b are integers to be found.
(3)
ANSWER
Question Scheme Marks AOs
4(a) Either attempts 7= x=_
x— M1 3la
Or attempts  {'(x) and substitutes in x =7
7
— oe Al 1.1
2 b
(2)
(b) 3x-7
S I 2
Attempts ff(x) = X - x(3x-7)-7(x-2) m. }:E
[3“:_?}_2 31'_?—2(_1‘.'—2) .
x-=2
= 2x7 Al 2.1
x-3 '
3)
(5 marks)
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November 2020 Question 11 Paper 2

11.
vk
9] x
P
Figure 2

Figure 2 shows a sketch of the graph with equation
y=2 ‘x + 4| =5
The vertex of the graph is at the point P, shown in Figure 2.

(a) Find the coordinates of P.

(2)
(b) Solve the equation
3x+40=2|x+4|-5
(2)
A line / has equation y = ax, where ¢ 1s a constant.
Given that [ intersects y = 2|x + 4| — 5 at least once,
(c¢) find the range of possible values of @, writing your answer in set notation.
3)

Arancha Ruiz
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ANSWER

Question Scheme Marks AOs
P(-4,-5) Bl 2.2a

(2)
(b) 3x+40=—2(x+4)—-5=>x=__. MI I.1b
x=-106 Al 21

(2)
(c) a=2 Bl 22a
y=ax::>—5=—4a:>a=% MI 3la
la:a<125}Ulaza>2) Al 25

3)

(7 marks)

Video solution:

https://youtu.be/6hXXcBz7V7w

Aroncha Ruiz
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June 2019 Question 5 Paper 1

5. fx)=2x>+4x +9 xelR
(a) Write f(x) in the form a(x + b)* + ¢, where a, b and ¢ are integers to be found.
)
(b) Sketch the curve with equation y = f(x) showing any points of intersection with the
coordinate axes and the coordinates of any turning point.
3)

(¢) (1) Describe fully the transformation that maps the curve with equation y = f(x) onto
the curve with equation y = g(x) where

g(x)=2(x—-2)P+4x-3 xelR
(ii) Find the range of the function

21
h(x)= ———— xeR
2x" +4x+9 (4)

Arancha Ruiz
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ANSWER

S@ | 2 1 dx+9=2(x2k) *.... a=2 BI 1.1b
Full method 2x> +4x+9=2(x+1) #... a=2 &b=1 Ml L.1b
2% +4x+9=2(x+1) +7 Al 1.1b

3)

(b)

1.2

U shaped curve any position but Bl

not through (0,0)

v - intercept at (0,9) BI L.1b
X L 2.2a

Minimum at [—l,?) B1ft

3)
() (1) Deduces translation with one correct aspect. Ml 3.la

2
Translate 4 Al 2.2a
21
(i1) h(x) = 2—1,, = (maximum) value =(= 3] M1 3 1la
"2(x+1) 47" 7

0<h(x)<3 Alft 1.1b

“4)

(10 marks)
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June 2019 Question 6 Paper 2

VA

=Y

Figure 4

Figure 4 shows a sketch of the graph of y = g(x), where

(x-2"+1 x<2
(x) =
4x -7 x> 2

(a) Find the value of gg(0).

(2)
(b) Find all values of x for which
g(x) > 28
(4)
The function h is defined by
h(x)=(x—-2+1 x<2
(c¢) Explain why h has an inverse but g does not.
(1)
(d) Solve the equation
B = —=
@ =3
(3)

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
6 (0) =g((0-2)Y+1)=g(5) =45)-7 =13 Ml 2]
(a) ge(0) = g( gi3)=405)-7 = Al 16
(2)
(b) Solves either (x—2)° +1=28 =>x=.. or 4x—-7=28 =>x=.. M1 1.1b
At least one critical value x=2— 3J§ or x= % is correct Al 1.1b
Solves both (x—2)" +1=28 = x=.. and 4x—-7=28 =>x=.. M1 1.1b
Correct final answer of ‘x<2 —3\1'?_» . X % ’ Al 2.1
Note: Writing awrt —3.20 or a truncated —3.19 or a truncated —3.2 (4)
in place of 2 - 33 is accepted for any of the A marks
(c) h is a one-one {function (or mapping) so has an inverse} BI )4
g is a many-one {function (or mapping) so does not have an inverse| -
)
(d) ()= — 1 SN G M1
Way 1 {h (x)= > =, x=h 1 on cpen 1.1b
x:(—%— J +1 Note: Condone x:(%—ZJ +1 M1 I.1b
= x=7.25 only c¢so Al 2.2a
3)
(d) ftheirh'(x) } = +2+/x£1 M1 1.1b
Way 2 1
* Attempts to solve +2++/x+1 =-3 = txtl=.. M1 l.1b
=>x=7.25 only cso Al 2.2a
3)
(10 marks)
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June 2018 Question 1 Paper 2

(a) Find gg(5).

(b) Statc the range of g.

(¢) Find g !(x), stating its domain.

Aroncha Ruiz
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ANSWER
Question Scheme Marks | AOs
1 g(x):szrS,xES
x-3
25)+5 2("7.5")+5
5= g5 5= =202 .
(a) 85)=—"—3 = 880 == 53 MI I.1b
Way 1 40 4 o
gg(3) =— [0r4— nr4-4J Al 1.1b
9 9
2
2( 2;_*; j +5 2( z((:}]j;] +5
“,(:372 gg{xl=(\h? = gg(35) ZE(S]T Ml 1.1b
\x—s] 3 [15)—3] 3
40 4 .
:%E(SJ:? [or4§ 01"4.4} Al 1.1b
(2)
(b) fRange: } 2<}=£§ Bl 1.1b
(1)
W(:;fl y_zjjj35:> w=3y=2x+5= yx—2x=3y+5 M1 1.1b
ez - 3p+5 _3x+5
x¥y—-2)=3y+5 = x= — {nr y= x—Zlf M1 21
g ]{_r}_3x+5, 2<_r£E Alft 25
x—2 2
3)
(c) _2x-6+11 . a1
Way 2 === }_2+_x—. =y 2_—"{_3 M1 1.1b
It R [
x— =33 X= -5 3 tur}—"‘_f2 3} M1 2.1
g_](_r}=L+3 2<x<l® Alft 2.5
X— 2
(3)
(6 marks)
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June 2018 Question 3 Paper 2

3. (a) “If m and n are irrational numbers, where m # n, then mn is also irrational.”

Disprove this statement by means of a counter example.

(2)
(b) (i) Sketch the graph of y = x| + 3

(i) Explain why |x| + 3 = |x + 3| for all real values of x.

(3

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
3 Statement: “If m and n are irrational numbers, where m = n,
then mn is also irrational.”
(a) Eg m=+3,n=+12 MI 1.1b
mn = xl’?_’ JI_2 =6
=y (B)2)=6 Ny
= statement untrue or 6 is not irrational or 6 is rational
2)
b)), |
(i) Way 1 __| | L3 r4 V shaped graph {reasonably}
Y= symmetrical about the y-axis
with vertical interpret Rl 1.1h
(0, 3) or 3 stated or marked
on the positive y-axis
y=|x+3
3 Superimposes the
graph of y=|x+3[ ontop [ pp 3 1a
—3, 0 > of the graph of y = |x| +3
the graph of y = x| + 3 1s either the same or above the graph of
y= |.\' K 3| {for corresponding values of x} Al 54
or when x =0, both graphs are equal (or the same) '
when x <0, the graph of y =|x| + 3is above the graph of y =|x+3|
3)
(b)) | Reason 1
Way 2 When x =0, |‘,| +3=|x+ 3| Any one of Reason 1 or Reason 2 M1 3.1a
Reason 2
When x<0, |x|+3>|x+3] Both Reason 1 and Reason 2 Al 24
(5 marks)
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June 2018 Question 6 Paper 2

6.
fx)=-3x"+ 87 - 9x + 10, xeR
(a) (i) Calculate f(2)
(11) Write f(x) as a product of two algebraic factors.
3)
Using the answer to (a)(11),
(b) prove that there are exactly two real solutions to the equation
-3+ 8 -9+ 10=0
(2)
(c) deduce the number of real solutions, for 7z < 0 < 10z, to the equation
Jtan’d — 8tan’d + 9tanf — 10 =0
(1)
ANSWER
Question Scheme Marks | AOs
6 (a) f(x)=-3x"+8x" -9x+10, xeR
(a) (i) 1f(2)=-24+32-18+10=} £(2)=0 Bl 1.1b
(i) {f(x)=} (x=2)0(-3x" +2x-5) or (2—x)(3x" —2x+5) MI 2.2a
Al 1.1b
3
(b) =3 +8y" =9y +10=0 = (3" —=2)(-3y" +2y* -5)=0
Gives a partial explanation by
e explaining that —=3y* + 2y —5=0has no {real} solutions with a
reason, e.g. b* —4ac = (2) —4(=3)(=5) = —56<0 Mi 24
e or stating that y* =2 has 2 {real} solutions or y=++2 {only}
Complete proof that the given equation has exactly two {real} solutions Al 2.1
\ @)
(c) 3tan’ @—8tan’ @ +9tan@—10=0: Tr<O<10x
{Deduces that} there are 3 solutions Bl 22a
)
(6 marks)
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June 2018 Question 2 Core 3

2. The function f is defined by
f(x) = 6 + 2 + 60 ) x>4
2x+5 2x-5 4x*-125
(a) Show that f(x) = where A, B and C are constants to be found.
Bx+ C
4)
(b) Find f'(x) and state 1ts domain.
3)
ANSWER
%u;:tiz? Scheme Marks
2(a) 4x% =25 (2x+5)(2x—>5) | Bl
6 , 2 60 _ 6(2x—5)+2(2x+5)+60 .
2x+5 2x=5 442_25  (2x+5)(2x=5)
_ 16x440 K
T (2x+5)(2x=5)
. 8(2x+5 8 Al
T (2x+502x=5) (2x=5)
4)
_ 8 __ 8 e _ 845y
(b) f(x)-zx_5=by—2x_5=:>2x} Sy=8=x= 2y MI
-1, _ 845x
=t (x)= 7y °¢ Al
D<x< % Blft
3)
(7 marks)
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Ch. 3: Sequences and Series

June 2024 Question 4 Paper 2

4. Asequence u, u,, u,, ... is defined by

Wy = ,f(‘u” -3
u =6
where k 1s a positive constant.
Given that u, = -1
(a) show that
6k’ — Sk —4 =0

(b) Hence
(1) find the value of &,

3
(11) find the value of Zur

r=1

Aroncha Ruiz
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ANSWER
Question Scheme Marks AOs
4(a) u,=6=u, =6k->5
u, =6k -5=>u, =k(6k-5)-5 M1 1.1b
:>k(6k—5}—5=—]
= 6k>—5k—4=0* Al* 2.1
(2)

Alternative:

z¢3=—1:>—1=ku2—5:>u2=%

u, :6:>u::6k—5:>%:ﬁfr—5

= 6k — 5k —4=0*

(b)) k:% Bl | 22a
(i) R—4 —4><6—'§ -! —b+4><6—"':—l
=IDu=3 -:>;u,_— 376 M1 | 1.1b
Su, =8 Al | 1.1b
r=l
3)
(S marks)
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June 2024 Question 2 Paper 2

2. Jamie takes out an interest-free loan of £8100
Jamie makes a payment every month to pay back the loan.

Jamie repays £400 in month 1, £390 in month 2, £380 in month 3, and so on, so that the
amounts repaid each month form an arithmetic sequence.

(a) Show that Jamie repays £290 in month 12

(1)
After Jamie’s Nth payment, the loan is completely paid back.
(b) Show that N* — 81N + 1620 =0

(2)
(c) Hence find the value of N.

(2)
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ANSWER
Question Scheme Marks AOs
2(a) (u,, =)400+11x-10=290* or e.g. (1, =)400-110=290*
ore.g. Bl1* 1.1b
(1, =)400+(12-1)x~10=290 * or e.g. (1, =)410+12x~10=290*
(1)
(b) 8]{}[}:%;\-’(2x4ﬂﬂ+[h’—I]x—lﬂ)
ore.g. M1 1.1b
SIGCI:%N(4ﬂ0+40ﬂ+[N—l]x—l[}]
Slﬂﬂle'(Zx4ﬂﬂ+(N—l)x—lU)
2 * 2.1
= 16200 = 800N —10N* +10N ore.g. = 8100=400N —5N?* +5N Al '
= N -8IN+1620=0*
(2)
(c) N?—8IN+1620=0 = (N -45)(N-36)=0= N =4536 MI 1.1b
(N=) 36 Al 23
(2)
(5 marks)
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June 2024 Question 9 Paper 1

9. The first 3 terms of a geometric sequence are

k-

where £ 1s a constant.

5 97-24;- 32[&-—11

5
(a) Using algebra and making your reasoning clear, prove that k£ = 2
(3)
(b) Hence find the sum to infinity of the geometric sequence.
(3)
ANSWER
Question Scheme Marks AOs
9(a) g2k RN g27-2k)  g2Ak)
34k-3 = 972k = 343 :32E7—3k} L 3.1a
(3211-33)3 _ g4k 32k-l) 327-2)-(4k-5) _ 32(k—-1)-2(7-2k)
N dM1 I.1b
—= 28 -8k=6k-T=k=_. =19-8k=6k-16=2k=...
5
k= 5* Al* 2.1
3
(b) e 7-2(25)
a=3""""and r="————oneofa=243 or r=l M1 2.2a
3#25)5 3
S| _i_ "243 "
‘?i_l_r_]_"l" M1 llh
3
729
S, =T(364.5) cao Al 1.1b
(3)
(6 marks)
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June 2023 Question 2 Paper 2

2. Asequence u, U, U,... is defined by

(a) (1) Show that u,= 40

(i) Find the value of u, and the value of u,

< B\z/ | /J>

3)
Given that the sequence is periodic with order 4
(b) (i) write down the value of u,
(1) find the value of iur
r=1
3)
ANSWER
Question Scheme Marks AOs
2N
@0 e.g. (u, =)35+7cos[§}—5(—1)] =40 * B1* 2.1
(ii) 5 3
u, =4(}+';’c:os(T'?r]—S(—l)2 (=28) or u,="28"+ ?cos(f]—S(—l)" (=33) M1 1.1b
u, =28 and u, = 33 Al 1.1b
3
(b)(i) (us =)35 Bl 2.2a
25
(ii) €.g. Zur =6(35+40+"28"+"33") +35 M1 3.1a
=851 Al 1.1b
€]
(6 marks)
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June 2023 Question 9 Paper 1

9. The first three terms of a geometric sequence are
3k+4 12 -3k k+16

where £ 1s a constant.

(a) Show that & satisfies the equation

32— 62k +40=0

(2)
Given that the sequence converges,
(b) (i) find the value of k, giving a reason for your answer,
(i1) find the value of S,
)
ANSWER
Question Scheme Marks AOs
9 _
(a) 12 3k: k+16 M 31a
3k+4  12-3k
3k -62k+40=0 * Al* | L1b
(2)
(b)() 3k —62k+40=0=>k =... Ml 1.1b
States k =20 and gives a reason e.g. that this gives a values of 7 such that
Al 3.2a
|r| <1
(i) a=64 and r=f% (or allow ¢ =6 and r=§) Bl 1.1b
Il64|l
Sm=ﬁ=--- Ml 3.1a
1-"(=3)
s =26 Al | 11b
7
)
(7 marks)
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June 2022 Question 15 Paper 2

15.

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Given that the first three terms of a geometric series are
12cosé 5+ 2sinfl and 6tand
(a) show that

4sin’0 — 52sin@+25=0

(3)
Given that @ is an obtuse angle measured in radians,
(b) solve the equation in part (a) to find the exact value of 8
(2)
(c) show that the sum to infinity of the series can be expressed in the form
k(1-43)
where k 1s a constant to be found.
(3)
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ANSWER
Question Scheme Marks | AOQOs
15(a) o . 5+2sind  6tand
Uses the common ratio Deosd 351 2sind 0.c. M1 3.1a
Cross multiplies and uses tan #xcos# = sin#
. 2 . dM1 1.1b
(5+2sin@) =6x12sind
. 25+20sin@ +4sin” @ = 72sin &
Proceeds to given answer . Al* 2.1
= d4sin” #—-52smmf+25=0 *
3
h id
(®) 45in'9—525in9+25:ﬂzbsiru‘?:é(,%J M1 1.1b
Sx
& = Al 1.2
(2)
(c) Attempts a value for either g or r
1
3 2 s 5+2x—=
ega=12cosf= 12><—£ or r:5+ smﬂz 2 Mi 3.1a
2 12cos @ 12 3
2x————
2
1
"q"=~6+/3 and "r"=—ﬁ o.c. Al 1.1b
. _a 63
Uses b’_l—r_lJrL dM1 | 2.1
NE]
Rationalises denominator
. —06./3 -18 3-1
5 =68 _ 3 ddM1 | L1b
@ I+L 41 31
NG
(5, =)9(1-+3) Al 2.1
(3)
(10 marks)
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June 2022 Question 13 Paper 1

13. (i) In an arithmetic series, the first term is @ and the common difference is d.

Show that

n
S = 5 [2a + (n — 1)d]

(3)
(ii) James saves money over a number of weeks to buy a printer that costs £64
He saves £10 in week 1, £9.20 in week 2, £8.40 in week 3 and so on, so that the
weekly amounts he saves form an arithmetic sequence.
Given that James takes n weeks to save exactly £64
(a) show that
n*—26n+160=0
(2)
(b) Solve the equation
n*—26n+160=0
(1)

(c) Hence state the number of weeks James takes to save enough money to buy the
printer, giving a brief reason for your answer.

(1)
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ANSWER
Question Scheme Marks AOs
13() | States that S=a+(a+d)+.orererrree... +(a+(n-1)d) Bl I.1a
5= a+ . (a+d)+ (a+(n-1)d)
. M1 3.la
5—(a+[n-l]d)+(a+{n-2)d]+ .................... +a
Reaches 285 = nx(2a+(n-1)d)
" Al* 2.1
And so proves that § =§[2c.r +(n=Dd] *
(3)
(i) (a) §=10+920+8.40+...
n
64:5(20—0.8(;:—11}] 0.¢ M1 3.1b
128 =201 —0.8n" +0.8n
0.8n" —20.82+128=0 Al* 2.1
n’ —26n+160=0 *
(2)
(b) n=10,16 Bl 1.1b
(1)
(c) 10 weeks with a minimal correct reason. E.g.
e He has saved up the amount by 10 weeks so he would
not save for another 6 weeks B1 73
¢ You would choose the smaller number '
e He starts saving negative amounts (in week 14) so 16
does not make sense
(1)
(7 marks)

Video solution:

https://youtu.be/0c3gXTSNnBI
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November 2021 Question 3 Paper 1

3. The sequence Uy Uy Uy oo 1S defined by

where £ 1s an integer.

Given that u, +2u, +u, =0

(a) show that

3k —58k+240=0

<BW:/J/J>

3)
(b) Find the value of k, giving a reason for your answer.
(2)
(c) Find the value of u,
(1)
ANSWER
Question Scheme Marks | AOs
3(a) Uy =k —12, uy =k —— M1 | Llb
) ' k—12
24
u|+2u:+u3:0:>2+2(k—]2}+.f(—m:0 dM1 1.1b
24
=3k-22- 2:'[]::-[3?{—22)(;{—12]—24:{]
R Al* 2.1
=3k —36k—-22k+264-24=10
=3k —58k+240=0%*
3
(b) 40
k =6, [—) Ml 1.1b
3
k = 6 as k must be an integer Al 23
(2)
(c) (u,=)10 Bl | 22a
(0))
(6 marks)

Aroncha Ruiz

Copyr‘iah-l- 2023 © Better your Maths

51



November 2021 Question 5 Paper 1

n

In this question you should show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable,
A company made a profit of £20000 in its first year of trading, Year |

A model for future trading predicts that the yearly profit will increase by 8% ecach year,
so that the yearly profits will form a geometric sequence.

According to the model,

(a) show that the profit for Year 3 will be £23 328

(1)
(b) find the first year when the yearly profit will exceed £65 000
(3)
(c) find the total profit for the first 20 years of trading, giving your answer to the
nearest £1000
(2)
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ANSWER
Question Scheme Marks AOs
5(a) u, = £20000x1.08" = (£)23328* Bl1* | Llb
(1)
(b) 20000x1.08"" = 65000 M1 1.1b
In(3.25
1.08"" >E:”,_1> n(3.25)
4 111[1.08)
ore.g. M1 3.1b
1.08"" > Ej n—1>log, . [E)
4 4
Year 17 Al 32a
3
(c) 20000(1-1.08" )
o= M1 34
1-1.08
Awrt (£) 915 000 Al 1.1b
(2)
(6 marks)
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November 2021 Question 1 Paper 2

1. In an arithmetic series

* the first termis 16
¢ the 21st term 1s 24

(a) Find the common difference of the series.

(2)
(b) Hence find the sum of the first 500 terms of the series.
(2)
ANSWER
Question Scheme Marks | AOs
1(2) 16+(21-1)xd=24=d=.. Ml | 1.1b
d=04 Al 1.1b
Answer only scores both marks.
(2)
(h) I i ] AL "
S,r:§n{2a+(n—l)d}:>5m:5x500{2x16+499x 0.4"} Ml | 1.1b
= 57900 Al 1.1b
Answer only scores both marks
(2)
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November 2021 Question 9 Paper 2

9. Show that

oo

E (i) 1:305.(18(3!?1}0=i
4 28
n=2 (3}
ANSWER
Question Scheme Marks AOs
9 [3\,” 9
a=|=| or a=—
4 ) 16
ot Bl 22a
3
F=——
4
o " i
Z[l] cos(180n)° = 16 ___ Ml 3 1a
-\ 4 1_[_5]
h 4
— T * *
o8 Al 1.1b
(3)
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November 2020 Question 5 Paper 1

5. A car has six forward gears.

The fastest speed of the car

.

Given that the fastest speed of the car in successive gears is modelled by an

in 1" gear is 28 km h™
in 6" gearis 115 kmh '

arithmetic sequence,

(a) find the fastest speed of the car in 3" gear.

(3)
Given that the fastest speed of the car in successive gears is modelled by a
geometric sequence,
(b) find the fastest speed of the car in 5™ gear.
(3)
ANSWER
Question Scheme Marks AOs
S(a) Uses 115=28+5d = d =(17.4) M1 3.1b
Uses 28+2x"174"= .. M1 34
=628 (kmh™") Al 1.1b
(3)
(b) | Uses 115=28r" = r=(1.3265) MI 3.1b
Uses 28x"1.3265%"=_.. or — 15 __ M1 34
"1.3265"
=867 (kmh™") Al I.1b
3)
(6 marks)

Video solution:

https://youtu.be/T1827wheRr0
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November 2020 Question 13 Paper 1
13. A sequence of numbers a, a,, a,, ... 1s defined by

k (a” + 2)

a

n

ne

w1

where & 1s a constant.

Given that
e the sequence 1s a periodic sequence of order 3
o g =12

(a) show that

KF+k-2=0

(b) For this sequence explain why k # 1

(¢) Find the value of

80

r=I
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ANSWER
Question| Scheme Marks | AOs
13 (a) k(a, +2
Uses the sequence formula a,,, = (a,+2) once with @, =2 M1 1.1b
a'l
(a,=2),a, =2k a, =k+1,a, :%
v Ml | 3.la
Finds four consecutive terms and sets d,equal to &, (oe)
M::ﬁ):2:k1+3k:2k+2:>k3+k—2:0 * Al* | 21
3)
(b) States that when k =1, all terms are the same and concludes that the Bl 23
sequence does not have a period of order 3 )
(1)
(c) Deduces the repeating terms are @, = 2, a,; = -4, Ay =~ L, Bl 2.2a
80
E a, =26x(2+—4+-1)+2+—4 M1 3.1a
n=l
=-80 Al 1.1b
3)
(7 marks)
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November 2020 Question 15 Paper 2

15. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable,
A geometric series has common ratio » and first term a.
Given r# 1 and a#0
(a) prove that

S' B a(l —_ '.-.rr)

l-r
(4)

Given also that .5'10 1s four times Sj

(b) find the exact value of r.

4)

Aroncha Ruiz
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ANSWER
Question Scheme Marks AQOs
15(a) 2
S =a+ar+ar +..... +ar™’ Bl 1.2
rS = ar+ar’ +ar' + ... +ar" =8 -r§ =.. M1 2.1
S,—rS, =a-ar' Al 1.1b
. a(l—f"]
S (1—:‘}:&'(1—!‘ ):55” :ﬁ* Al# 2.1
“)
(b) all-r" all-r° all-r'") a(1-1
O N I (o B
1-r 1-r 1—r 1-r 3la
Equation in »'* and #° (and possibly 1 - r)
1-r"=4(1-r%) Al I.1b
rm—4r5+3:U:>(r5—])(r5—3)=0:> F=
OT ¢ dM1 2.1
1= =4(1-r )= (1-7) (147 ) =4(1-r" )=~ =
r=13 oe only Al 1.1b
4)
(8 marks)
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June 2019 Question 11 Paper 1

11. A competitor is running a 20 kilometre race.

She runs each of the first 4 kilometres at a steady pace of 6 minutes per kilometre.
After the first 4 kilometres, she begins to slow down.

In order to estimate her finishing time, the time that she will take to complete each subsequent
kilometre is modelled to be 5% greater than the time that she took to complete the previous
kilometre.

Using the model,

(a) show that her time to run the first 6 kilometres is estimated to be 36 minutes 55 seconds,

(2)
(b) show that her estimated time, in minutes, to run the rth kilometre, for 5 < r < 20, is

6 % 1.05"°
(1)

(c) estimate the total time, in minutes and seconds, that she will take to complete the race.

4)
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ANSWER
Question Scheme Marks AOs
11 (a) Total time for 6 km = 24 minutes + 6x1.05+6x1.05" minutes M1 34
= 36.915 minutes = 36 nunutes 55 seconds * Al* 1.1b
(2)
(b) 5t kmis 6x1.05=6x1.05"
6" kmis 6x1.05x1.05=6x1.05"
Bl 34
T"kmis 6x1.05x1.05%1.05=6x1.05"
Hence the time for the ¥ kmis 6x1.05"*
(1)
(c) Attempts the total time for the race =
) F=20 ) M1 3.1a
Eg. 24 minutes + Z 6x1.05"" minutes
Uses the series formula to find an allowable sum
6.3(1.05" -1
Eg. Time for 5" to 20" km = {IT]} =(149.04) M1 34
Correct calculation that leads to the total time
_ 6.3(1.05" -1) Al .1b
Eg. Total time = 24 + —105-1
Total time = awrt 173 minutes and 3 seconds Al 1.1b
(4)
(7 marks)
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June 2019 Question 8 Paper 2

8. (i) Find the value of

(i1) Show that

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths
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ANSWER
Question Scheme Marks | AOs
= - 4 5 3
8 Zznx V2 20[ L) w20 L] +20( L] +..
Way 1 2 2 2 2
r=4
~20(%)° M1 1.1b
-1 M1 3.1a
=(1.25)(2)} = 2.5 oe. Al 1.1b
3)
w0 o 3
. ! Y . Y
® Zznx(lj - z;mx(lj - Zzux(lJ
Way 2 — 2 — 2 — 2
—(y M1 1.1b
=A% 10+5+25) o =0 _ 100=G))
-1 1-3 -3 M1 3.1a
{=20-17.5} =25 o.e. Al 1.1b
&)
» 48 2
|;||} Zlogj(nwt }:
Way 1 — wn+1
3 4 50 3 4 50 M1 1.1b
= log,| = [+ log:| — [+......+logs| — | = logy| = x —x..x—
2 3 49 2 3 49 M1 3.1a
= log. [5—20J or log.(25) =2 * Al* 2.1
(3)
3 48 5 48
(i) Zlog{“ ]: Z[logj(n+2)—logi(n+l}) MI I.1b
Way 2 - n+l —
=(log,3+log,4+.....+1log, 50) — (log; 2 +log. 3 +......+ log, 49) M1 3.1a
50
=log,50-log,2 or 1085[3] or log,(25) = 2* Al* 2.1
3)
(6 marks)
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June 2018 Question 4 Paper 2

16
4. (i) Show that » (3+5r+27)=131798

r=l
(i) A sequence u,, u,, u,, ... is defined by
I

100k

Find the exact value of zur

r=|

Aroncha Ruiz
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ANSWER
Question Scheme Marks | AOs
l 16 - . I 2
3+5r+2")=131798; Sy Uy, oy lHy ) = — U =—
4 (1) Z’[ } ] co) g, Uy, (T “ u 3
() Jln 1 e 16
3+5r+2" )= 3+5r)+ 2
Way 1 lz::‘[ r ) J} ;{ r) ;( ] M1 3.1a
16 2(2" ~1) M1 1.1b
=5 (2(B)+15(5)) + - M1 1 1b
=728+ 131070 = 131798 * Al* 2.1
Q)
{1) L6 ) 16 16 i}
Way 2 {,Z][}'-SF-'J J=} 23 ’ fz{:(sr}-'- Zl{z ] i a
16 2(2'% —1) Ml 1.1b
= — 5 —
(3x16) 4 5 (2(5)+15(5)) + - Ml T 1b
=48+680+ 131070 = 131798 * Al* 2.1
@
MI 3.1a
(i) Sum = 10+17+ 26439+ 60 +97 +166 + 299 + 560 + 1077 + 2106 M1 1.1b
Way 3 +4159 + 8260+ 16457 + 32846 + 65619 =131 798 * M1 1.1b
Al* 2.1
“
. [ 2 3 2 P ,
(i) 1u| ==t U= 2 Uy = 3 (can be implied by later working) M1 1.1b
3
Ji —lSGE 503 5023
ldl_l Hl,,—i 5 + 5 or 2 E"‘E M1 22::1
a3 - T 5
325 (-:!nrl(]'ﬂl or 108.3 or 1300 nrg Al 1.1b
30 3 6
3)
(7 marks)
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4. Each year, Andy pays into a savings scheme. In year one he pays in £600. His payments
increase by £120 each year so that he pays £720 in year two, £840 in year three and so on,
so that his payments form an arithmetic sequence.

June 2018 Question 4 Core 1

(a) Find out how much Andy pays into the savings scheme in year ten.

2)

Kim starts paying money into a different savings scheme at the same time as Andy. In year
one she pays in £130. Her payments increase each year so that she pays £210 in year two,
£290 in year three and so on, so that her payments form a different arithmetic sequence.

At the end of year N, Andy has paid, in total, twice as much money into his savings
scheme as Kim has paid, in total, into her savings scheme.

(b) Find the value of V.
)]

Arancha Ruiz
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ANSWER
Question
Number Scheme Marks
4 (a) This mark is for:
+(n—=1d =600+9x120
at(n-1) x 600+9x120 or 600+8x120 M
=(£)1680 1680 with or without the “£” Al
Answer only scores both marks
Listing
MI: Lists ten terms starting £600, £720, £840, £960, . ..
Al: Identifies the 10" term as (£)1680
(2)
(b) Allow the use of n instead of V throughout in (b)
d =80 for Kim Identifies or uses & =80 for Kim Bl
Attempts a sum formula for Andy or
N Kim. A correct formula must be
> {2x6UU+(N - l)x 1 2[}} OR seen or implied with:
v a =600, d = 120 for Andy or M1
5-{2x130+(N -1)x80} a =130, d = 80 for Kim. If B0 was
2 scored. allow M1 here if Kim’s
incorrect “d” 1s used.
N r N r
5 {2x600+ (N =1)x120} = 2x—-{2x130+ (N ~1)x80} Al
A correct equation in any form
Proceeds to find a value for V.
(Allow if it leads to N < ()
20N=360=>N=.. Dependent on the first method dM1
mark and must be an equation
that uses Andy’s and Kim’s sum.
Ignore N/n =0 and if a correct value
(N =)18 of N 1s seen, isw any further Al
reference to years efc.
See below for listing approach
If you see NV =18 with no working send to Review
(5)
(7 marks)

Aroncha Ruiz
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June 2018 Question 6 Core 1

6. Asequencea,,da,,d,,... is defined by

a, =4

a. . = —> n=l1lnel
| -

(a) Find the values of a,,a, and a,

Write your answers as simplified fractions.

Given that

4
a, = , where p and ¢ are constants
pn+q

(b) state the value of p and the value of g.

(c) Hence calculate the value of N such that a, = 21

Arancha Ruiz
Copyriah-i- 2023 © Better your Maths
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ANSWER
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Question
Number

Scheme

Marks

6(a)

Attempts to use the given
recurrence relation correctly at least

once e.g. @, =—— O
T4+l
theira,

a, =————— or
(theira, ) +1
theira,
a,=————".

{thelra}) +1

May be implied by their term(s).

M1

Wi
| &

O

4 4
Al: Twoof —,—,—

AN E
un-simplified. Accept for example
08 4

'ﬁ or 5 N

which may be

‘L.-hl.r.:

0.8

LA 4=

4

4
Al: —,—,
5 13

(Allow 0.8 for g}

O

AlAl

3)

(b)

p=4
or e.g.
4 4 4

=p+q’ 5
= p=..

5 - 2p+q

or g=...

a, =7 4:|: orp=40R
nt..

Uses 2 terms to set up and solve two
correct equations for their
fractions in p and ¢ to obtain a
value for p or a value for g.

M1

a. =

"= =3 p=4and g=-3

4
Eith =—
1ner ﬂ'n An—3

p=4and g=-3

OR

Al

Correct answer only scores both marks.

(2)

(c)

4 4=¢w-
AN=3 321 T

. 4 4
Solves their =—o10
pN+qg 321

obtain a value for N or ».

M1

(Vv =)81

Cao (ignore what they use for N)

Al

Allow trial and improvement if 81 is clearly identified and then award
both marks following a correct answer in (b) but just trying random
values is M0

(2)

(7 marks)
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June 2018 Question 6 Core 2

6. A geometric series with common ratio r = —0.9 has sum to infinity 10000
For this series,

(a) find the first term,

(2)
(b) find the fifth term,
(2)
(c) find the sum of the first twelve terms, giving this answer to the nearest integer.
3)
ANSWER
?quﬁ: Scheme Marks
6.
@ | 10000=—¢ MI
1-(~0.9)
Al
a=19000
(2)
(b) Use ar® Ml
4 Al
19000 (~0.9)* =12465 .9 (accept awrt 12466) @
(c) _ 12
S= @ or lists and adds their first twelve terms with their a M1
-r
" "l i 12
§ = 0007A=097) ¢ 1000001 (-0.9)?) Alft
1-(-0.9)
=7176 only Aleso
(3)
171
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Ch. 4: Binomial Expansion

June 2024 Question 2 Paper 1

2. (a) Find, in ascending powers of x, the first four terms of the binomial expansion of

1

(1-9x)’

giving each term in simplest form.

3)
2
(b) Give a reason why x = 9 should not be used in the expansion to find an
approximation to 3
(1)
ANSWER
Question Scheme Marks AOs
1(1_ (L _1)(L—
2(a) G I)(i9x)2 or 2671(=2) 2)(—9x)3 MI 1.1b
2! 3!
1 1(L_ L(L=1)(L=2
(1—9x]3=1+%(—9x)+2(2 )(J_rgx)‘r(z ;(2 )( 9x)’ Al I.1b
1
(1—9::)5—]—Ex—gx1—E ! Al 1.1b
8 16
3)
(b) Expansion is valid for |x| < % and x = —% is outside this range. Bl 24
1)
(4 marks)

Arancha Ruiz
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June 2022 Question 7 Paper 2

7. (a) Find the first four terms, in ascending powers of x, of the binomial expansion of

4 -9y

writing each term in simplest form.

4
1
A student uses this expansion with x = 9 to find an approximation for NE]
Using the answer to part (a) and without doing any calculations,
(b) state whether this approximation will be an overestimate or an underestimate of 3
giving a brief reason for your answer.
(1)
ANSWER
Question Scheme Marks AOs
T(a L
(@) JFOx =2(1£..): Bl | Llb
] 1 1y, 9x,\
L =% —= || "
1 J9x 2 2 4
— T =...+ A or
Ml 1.1b
() (_3) (. 9x.)
2 2 2 4
.t 3
L(CLyLox) L (1Y) 3)( 9xy
l+l 9x +2 2 4 . 2 2 4 Al 1.1b
_x ——
2 + 2! 3!
9x 8lx  729x
F—Oyx=2__——-_°>~ _ Al 1.1b
T4 e 2
(4)
(b) States that the approximation will be an overestimate since all
terms (after the first one) in the expansion are negative Bl 3.2b
(since x>0)
(1)
(5 marks)

November 2021 Question 9 Paper 1
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) = 50x2 +38x+9 PRI |
(5x +2)"(1-2x) 5 2

Given that f(x) can be expressed in the form
A B C
- -+
Sx+2 (5x+2)' 1-2x

where 4, B and ( are constants
(a) (i) find the value of B and the value of C

(i1) show that 4 =0

4
(b) (i) Use binomial expansions to show that, in ascending powers of x
fixy=p+gx+rx*+ ..
where p, ¢ and r are simplified fractions to be found.
(ii) Find the range of values of x for which this expansion is valid.
(7)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
9(a)(i 2 _ ” ’
@) 50x +38x+9=A(5x+2)(1—2x)j_t3(l—2x)+(.(5x+2} M1 L1b
= RB=... or C=..
B=land C=2 Al 1.1b
(a)(ii) Eg.x=0x=0=9=24+B+4C M1 21
= 9=2A4A+1+8= A4=... )
A=0* Al#* 1.1b
4)
(b)(i) R
1 «=Sx+2)'=2'{l+é:r}
(5x+2) J
MI 3. 1a
or
(3x+2)_1=2 b
- —2(-2-1
[l+§r =l—2[£x]+ ( )[E + MI 1.1b
2 2! 2
2‘3(l+£x] —l—gzwE + Al 1.1b
2 4 4 16
! :(l—2x)_|:1+2x+ﬁ(2x}z+ Ml | LIb
(1-2x) 21 ) ’
! w2 S e 2+ ax+8x +
(5x+2) 1-2x 4 4~ 16 dM1 2.1
=%+%x+2]—?x3+... Al 1.1b
() x| < % Bl | 22a
(7
(11 marks)

Aroncha Ruiz
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November 2020 Question 1 Paper 1

1. (a) Find the first four terms, in ascending powers of x, of the binomial expansion of

(1+8x)

giving each term in simplest form.
(3)

1
(b) Explain how you could use x = E%) in the expansion to find an approximation for J5

There is no need to carry out the calculation.

(2)
ANSWER
Question Scheme Marks AOs
2 i 3

(1+8x) =l+3x8x+=5; x(8x) + 5 x(8x) Al I.1b
=1+4x—8x" +32x" +.... Al 1.1b

(3)

(b) .
Substitutes x = —into (1+8x)” to give ? M1 1.1b
Explains that x:%is substituted into 1+ 4x —8x% +32x° Alft 24
and you multiply the result by 2
(2)
(5 marks)
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June 2019 Question 4 Paper 1

4. (a) Find the first three terms, in ascending powers of x, of the binomial expansion of
1
4-x
giving each coefficient in its simplest form.

4

The expansion can be used to find an approximation to J2
Possible values of x that could be substituted into this expansion are:

e x=—14 because

e x =2 because

e x= —l because
2

(b) Without evaluating your expansion,

(i) state, giving a reason, which of the three values of x should not be used
(1)

(ii) state, giving a reason, which of the three values of x would lead to the most
accurate approximation to J2

(1)

Arancha Ruiz
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ANSWER

4 1 1 1
@) (4 2 =4 (1 ML | 21
Uses a "correct” binomial expansion for their
" -1 M1 1.1b
{l+ax) =1+J"1r;s.:c+m{nT)arzx2 +
L3
LAYy, L2 2)( xY Al | Llb
4) 2 4 2 4
11 1 3
4_x-2+16x+256x Al 1.1b
4)
(b) G) States x =—14 and gi\ies a valid reason. o | - a4
Eg explains that the expansion is not valid for ‘x| >4
(1)
(b)(ii) —— - -
States x 3 and gives a valid reason. Bl 24
Eg. explains that it is closest to zero
(1)
(6 marks)
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June 2018 Question 11 Paper 1

1+ 4x

11. (a) Use binomial expansions to show that =1+ Ex - gxz

l—x (6)

A student substitutes x = > into both sides of the approximation shown in part (a) in an

attempt to find an approximation to JE

(b) Give a reason why the student should not use x = %

(1)

(c) Substitute x = % nto

to obtain an approximation to J6 . Give your answer as a fraction in its simplest form.

3)
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ANSWER
Question Scheme Marks AQOs
11 (a _
® 1;’4"‘ ~ (14 4x) "% (1-x) " BI 3.1a
—x
. 5= =0, 2 M1 1.1b
(14 4x)"= 14 0.5 (4x) + 222793 (4
Ml 1.1b
5 —-0.5)x(-1.5 1
(1-x)" :I+{—0.5}(—x)+w{—x]'
2 Al 1.1b
(1+4x)"=1+2x-2x* and (I—x)_""' =140.5x+0.375x" oe
{1+4x]°'5><(l—:c)_u'j= []+2x—2x: ...... )x [l+lx+2x2.,.]
2 8
1 3, , s dM1 2.1
=l+=x+=-x +2x+x —2x +..
2 8
= A+ Bx+Cx’
=1+Ex—§x3 ...... * Al* 1.1b
2 8
(6)
(b) Expression 18 valid|t‘ -f:l Should not use x—l as l::-l B1 23
PRERsion & Mg AT 7Y -
(1)
C
©) Substitutes x = —into | X w142 242 M1 L.1b
11 1—x 2 8
1183
= = 8 Al 1.1b
2 968
1183 2904
(quﬁ_ is ) or Al 2.1
484 1183
(3)
(10 marks)
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Ch. 5: Radians

June 2024 Question 5 Paper 5

5. Given that @ is small and in radians, use the small angle approximations to find an

approximate numerical value of

f) tan 2(/
1 — cos36d
(3)
ANSWER
Question Scheme Marks | AOs
. One of @tan 20 =6x26 or 1—cos3@=1—(1—@] orequivalents. [ Bl | l.la
ftan20 Ox20
1—cos 38 I—(I—ﬂ) M1 2.1
2
= % or exact equivalent. Al 1.1b
3
(3 marks)
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June 2024 Question 11 Paper 1

11.

4 0 C
Figure 4
Figure 4 shows the design of a badge.
The shape 4BCOA is a semicircle with centre O and diameter 10cm.
OB is the arc of a circle with centre 4 and radius 5cm.

The region R, shown shaded in Figure 4, 1s bounded by the arc OB, the arc BC and the
line OC.

Find the exact area of R.

Give your answer in the form (a-.f_’: + brr)em’, where ¢ and b are rational numbers.

4)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
11 . T . 2r
Identifies angle BAOzg or angle BOC :T Bl 22a
I 1 . x| 257 253
A )=—x5x———x5'sin— =" -
rea(segment) 2>< ><3 2>< 1 3{ 5 2 }
or M1 2.1
Area(AOB]:2xlx51x£—lx523in£ :25—”—@
2 3 2 3 3 4
AreanR:lxszxz—f— l><52>~<£—l><535il‘|£
2 3 2 3 2 3
or dM1 3.1a
Areaof‘R:lx;'z‘xSE—[lXSJxE—leESiHE-I—le:xE]
2 2 3 3
25 25 2
=Iﬁ+gﬁ{cm ) Al 1.1b
4)
(4 marks)
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June 2023 Question 4 Paper 1

4. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation y = f(x) where x € R

Given that

1
« f'(x)=2x+ 5 cosX

« the curve has a stationary point with x coordinate a

* g 1s small

(a) use the small angle approximation for cosx to estimate the value of a to
3 decimal places.

&)
The point P(0, 3) lies on C

(b) Find the equation of the tangent to the curve at P, giving your answer in the
form y = mx + ¢, where m and c are constants to be found.

2)

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
4a 1 a’
20+—| 1—— .
a 2( > ] MI 1.2
1 a’ 1 o
20+ —| 1- =0=220+———=0 = a=..
2[ 5 J S a4 dM1 1.1b
o =-0.243 (3dp) only Al 2.3
3)
b . 1
t’((})=5c050:>...:>y=...x+3 MI l.1b
y=]§x+3 Al 1.1b
(2)
(5 marks)
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June 2023 Question 8 Paper 1

8. FRONT OF STAGE

D 276m Diagram NOT

accurately drawn

F

BACK OF STAGE

Figure 1

Figure 1 shows the plan view of a stage.

The plan view shows two congruent triangles ABO and GFO joined to a sector OCDEQ
of a circle, centre O, where

« angle COE = 2.3 radians
+ arc length CDE =27.6m
* AOG is a straight line of length 15m

(a) Show that OC = 12m.
(2)

(b) Show that the size of angle AOB is 0.421 radians correct to 3 decimal places.
2)

Given that the total length of the front of the stage, BCDEF), is 35m,

(c) find the total area of the stage, giving your answer to the nearest square metre.

(6)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
8(a) 0Cx23=27.6 M1 1.1b
e.g.OC=ﬁ=12m * Al* 2.1
2.3

2)
(b) e.g. (240B=)7-2.3 Ml I.1b
7=23 0421 rad * Al* 2.1

2)

(c) 1 2

Area 0CDE=5><12 x2.3 M1 1.1b
=165.6 (m?) (accept awrt 166) Al 1.1b
(08-) E28 410 157m Bl | 21
Area of O4B (orOFG):%x"IS.’/'"x 7.5x5in0.421 (=24.0..m*) Ml 1.1b
Total area = "165.6"+2x"24.1" dM1 3.1a
=awrt 214 (m?) Al 1.1b

(6)

(10 marks)
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November 2021 question 4 Paper 2

4. Given that @ is small and measured in radians, use the small angle approximations to show that

4 sin % +3cos’@=a+ b+ ch?

where a, b and ¢ are integers to be found.

(3)
ANSWER
Question Scheme Marks | AOs
4 Examples:
4sin£z4(g], 3cos” @ ~3 1—8-
2 2 2
3(:0536‘:3(1—sin29)»::3(]-93] Ml l.la
5 520 +1 2
3oos?0—3 L0820+ () 40°
2 2 2
Examples:
4sing+3c053€z4(ﬂj+3(l—£]
2 2 2
45in£+3c0529:4[E]+3(I—sin36)r-:26+3[1—92) Ml L1b
2 2
~ 2
4sin£+3cosz9:4sin£+3wx4(g]+i[l—4a +1J
2 2 2 2 2 2
=20+3(1-6"+..)=3+20-36" Al | 21
3
(3 marks)
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November 2021 Question 6 Paper 2

6.

Figure 1

The shape OABCDEFO shown in Figure 1 is a design for a logo.

In the design

* (4B i1s a sector of a circle centre O and radius r

= sector OFFE is congruent to sector OAB

«  (ODC s a sector of a circle centre (2 and radius 2r
«  AOF is a straight line

Given that the size of angle COD is @ radians,

(a) write down, in terms of 0, the size of angle 408

)
(b) Show that the area of the logo is
1,
2 ”(38+ )
(2)
(c) Find the perimeter of the logo, giving your answer in simplest form in terms of
r, @ and 7.
(2)
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ANSWER
Question Scheme Marks AOs
6(2) Angle AOB = HT_Q Bl 22a
(1)
(b) Arca= -, ! :(?T—-(}] 1 2
2 5T 5 +2(2r] & M1 2.1
—lrj;r—lr39+2r39—ir19+lr2;r—lr3(39+:r)* Al* 1.1b
2 2 2 2 '
(2)
(c) Perimeter = 4r+2r[}r;9\'+2r9 Ml | 3.1a
=dr+rr+rf oreg. r(4+z+6) Al 1.1b
(2)
(5 marks)
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November 2020 Question 11 Paper 1

11.

=Y

Figure 3

Circle €| has equation x4y =100
Circle C, has equation (x —15)" + " =40
The circles meet at points A and B as shown in Figure 3.

(a) Show that angle AOB = 0.635 radians to 3 significant figures, where O is the origin.

(4)
The region shown shaded in Figure 3 is bounded by C, and C,

(b) Find the perimeter of the shaded region, giving your answer to one decimal place.

(4)
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ANSWER
Question Scheme Marks AOs
11 (a) Solves x*+ " =100 and (x 1 5]2 + y* = 40 simultaneously to
MI 3 la
find x or y E.g. (x—15]2+1{}0—x3:4i):>x:...
Either = -30x+325=40=>x=95
Al 1.1
Or y=? awrt +£3.12 b
Attempts to find the angle A0B in circle C,
"G gv M1 Jla
Eg Attempts COS&:T to find o then x2
95
Angle AOB = 2xarcos o =0.635rads (3sf) * Al* 2.1
4)
() 1 Attempts 10x(27 —0.635) = 56.48 Mi I.1b
Attempts to find angle AXB or AXO in circle C; (see diagram)
E pB=95 4 (Note AXB=103rads) | " 3-1a
2. cos fi = = = ole =1. rads
i
Attempts 10x(2:r—ﬂ.635}+\f4_0x(2;ﬁr—2,6] dM1 2.1
= 89.7 Al 1.1b
(4)
(8 marks)
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June 2019 Question 2 Paper 1

2. V4

Figure 1

Figure 1 shows a plot of part of the curve with equation y = cosx where x is measured in radians.
Diagram 1, on the opposite page, is a copy of Figure 1.

(a) Use Diagram 1 to show why the equation

cosx —2x——=10
2

has only one real root, giving a reason for your answer.

(2)
Given that the root of the equation is a, and that « is small,

(b) use the small angle approximation for cosx to estimate the value of a to 3 decimal places.

&)
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ANSWER
Question Scheme Marks AOs
2(a)
2 continued .
V=20+ —?1:
Bl
\\\/ﬁ \//- ' o
Disgram 1
For an allowable linear graph and explaining that there 1s only one Bl 24
intersection '
(2)
(b) 1 X’ 1
2 —2'——:0:}1———2__ ——:{} Ml l.lb
COsS X X 3 3 X 3
Solves their x* +4x—-1=0 dM1 1.1b
Allow awrt 0.236 but accept 2+ Al I.1b
(3)
(5 marks)
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June 2019 Question 3 Paper 2

0

Figure 1

Figure 1 shows a sector AOB of a circle with centre O, radius 5cm and angle AOB = 40°

The attempt of a student to find the area of the sector is shown below.

1
Area of sector = 3 ro

1 5% % 40
— X »
2

500cm?

(a) Explain the error made by this student.
(1)
(b) Write out a correct solution.

(2)
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ANSWER
Question Scheme Marks | AOs
3 (a) Allow explanations such as
s student should have worked in radians
o they did not convert degrees to radians
s 40 should be in radians
s ( should be in radians
o angle (or #) should be W= or 2z Bl 2.3
180 9
. . . O ..
s correct formulais 77 [—) {where & 1s in degrees}
b}
. . - 40
s correct formulais 7r° | —
360
| (1)
“f:; 1 {Area of sector = } %(51)(%J M1 1.1b
25 ) .
= 9 o iem”}  or awrt8.73 jcm™} Al 1.1b
(2)
(b) Areaof sector =+ (52 20
Way 2 1Area of sector=} (57) 360 M1 1.1b
25 ) ,
= F:r fem™}  or awrt 8.73 {fem} Al 1.1b
(2)
(3 marks)
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June 2018 Question 1 Paper 1

1. Given that @ is small and is measured in radians, use the small angle approximations to find an
approximate value of

1 - cos4d
2f1sin 30
3)
ANSWER
Question Scheme Marks | AOs
! . : (46)" . 1-cos40
Attempts either sin38 =36 or cos48=1- 5 I 5530 MI 1.1b
46)’
1|11
(40)° :
; 1 =~ ~]- MI 21
Attempts both sin36 ~ 36 and cos48 =1 5 3530
and attempts to simplify
4
== Al 1.1b
3 ¢
3)
(3 marks)
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June 2018 Question 3 Paper 1

< B\:/ | /J>

3.
A
rem
O
Fem
B
Figure 1
Figure 1 shows a sector AOB of a circle with centre @ and radius rem.
The angle A0B is @ radians.
The area of the sector AOB is 11 em?
Given that the perimeter of the sector is 4 times the length of the arc 4B, find the exact
value of r.
4)
ANSWER
Question Scheme Marks AOs
3 1 5
States or uses EF“Q:II Bl I.1b
States or uses 2r+rfd =418 23 1.1b
Attempts to solve, full method r=... MI 3la
r= JQE Al 1.1b
[4]
(4 marks)

Aroncha Ruiz

Copyr‘iah-l- 2023 © Better your Maths

98




June 2018 Question 4 Core 2

4.

Zz
Not to scale
v y 0.7rad )
-« 7cm p4—5S5cm—p

Figure 2
Figure 2 shows a flag XYWZX.

The flag consists of a triangle XYZ joined to a sector ZYW of a circle with radius 5c¢m and
centre Y.

The angle of the sector, angle ZYW, is 0.7 radians.
The points X, ¥ and W lie on a straight line with XY = 7cm and YW = S5cm.
Find

(a) the area of the sector ZYW in cm?,

(2)
(b) the area of the flag, in cm?, to 2 decimal places,

(3)
(c) the length of the perimeter, XYWZX, of the flag, in cm to 2 decimal places.

4)
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ANSWER
%uesn] D:l Scheme Marks
4, (a) Usually answered in radians:
1, g2 2 M1 Al
Uses Area ZYW =1x5" x(angle), =12.5x0.7=8.750.e.(cm") @)
(b) : 1 . 2
Area of triangle X¥Z = Ex?xstmY:(ll.Z?B) {cm™) M1
Area of whole flag = “8.75” + “11.273”, =20.02 (cm®) M1, Al
3)
(€) | (XZ)=T+5—2xTx5cos(7—0.7), | Or (XZ%)=(7+5¢c050.7)" +(55in0.7)" M1,
Use of arc length formula s = 58 (=3.5) & M1
Total perimeter = 12+"3.5"+"11.293" ddM1
=26.79 cm Al
)
(9 marks)

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths

100



Ch. 6: Trigonometric Functions

June 2024 Question 8 Paper 2
8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Prove that

| |
+
cosecfl —1 cosect +1

= 2tan@sech g =+ (90;1]“, neZ

(3)
(b) Hence solve, for 0 < x < 90°, the equation
1 1
- = cot2xsec2x
cosec2x —1 cosec2x + 1
Give each answer, in degrees, to one decimal place.
4)
ANSWER
Question Scheme Marks AOs
8(a) 1 . 1 =) cosecd + 1+ cosecd — 1
Way 1 cosec@—1 cosec@+1 (cosec@—1)(cosech+1) Bl L1b
e — 2sind  2siné
_ 2:.{35::L0 _ ELOb(;‘Lﬂ oreg. = — - ! M1 1.1b
cosec @ —1 cot @ I—sin“ @ cos @
. . . 2
2L054:-‘,L¢9 _ _2 5 s1n2|9 — 2 tan @sec O *
cot @ sinf cos” &
or Al* 2.1
2sin @
‘:11‘11 =2tanfsecH*
cos” &
3)
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8(b)

2tan 2xsec2x =cot 2xsec2x

Bl 2.2a

2tan2xsec2x—cot2xsec2x =0
= sec 2x[2 tan 2x — cot 2x) =0

2tan2x—cot2x =0 = 2tan2x = cot 2x = tan® 2x = —

or
2tan2x—cot2x=0=>2 sin2x _ cos2x

. . 5 . |
= 2sin” 2x =1—sin” 2x = sin’ 2x=§
or

2(] —cos’ 2x) =008’ 2x = cos> 2x = 2

or
4tan x 1—tan’ x
2tan2x =cot2x = =

—tan’x 2tanx
=tan’ x—10tan’ x+1=0
or
sin2x cos2x
2tan2x—cot2x=0—=2 =

— = 2sin” 2x =cos” 2x
cos2x sin2x

" > 9 ].
2sin’ 2x =cos’ 2x = 1 —cosdx = 5(cos4x+ 1)= cosdx =

2x=tan"%=!{:>x=§ or 2y=sin"

1
—=K=x=
J3
or

2.34::::05;"J§:K:;-x:£
3 2

or
tan? x =5+ 26 = x = lan“( 512\:’5]

or

1 1 1
cosdx=—=4x=cos '[—]:K:}x:—!{
3 3 4

x=17.6°,72.4°

— =" = 2sin’ 2x =cos’ 2x
cos2x sin2x

M1 2.1

M1 1.1b

Al 1.1b

4
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November 2021 Question 10 Paper 1

10. In this question you should show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that 1 + cos26 + sin28 # 0 prove that
| —cos20 +sin20

- = tanf/
1 + cos26 + sin 26
“4)
(b) Hence solve, for 0 < x < 180°
1 —cosdx + an 4x ~ 3gin2y
1+ cosdx + sindx
giving your answers to one decimal place where appropriate.

4)
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ANSWER
Question Scheme Marks ADs
10(2) 1-cos20+sin26 1—(1-2sin’ @)+ 2sinfcosd
1+c0s20+sin20 1 +cos 26 +sin 26
or M1 2.1
l—cos23+sin2€_ 1-cos28 +sin 28
14 c0s20 +sin 26 1+{2coszﬁ—l]+2sint‘?cos(?
1—cos20+sin20 _1—(1-2sin” @)+ 2sindcos | b
l+cos2ﬂ+sjn29_1+{2c0519—l)+2sin9c059 A ’
B 2sin’ @+ 2sinfcosd B Esinﬁ(sin H+C0$9) M 51
2cos” @ +2sinfcosf  2cosf(cosd +sinf) '
SN0 _ ang Al* | 1.1b
cosé
4
(b) 1_CGS""I‘{_S%n“'x:3:\:in2x:>tanZ_Jt::35;1“112_1: o.e M1 3.la
l+cosdx+smdx
=sm2x—-3smm2xcos2x=0
= sin2x(1-3cos2x)=0
sin 2x(1-3c0s 2x) Al | L1b
= (sin2x=0,) c032x=%
Al 1.1b
=90°, awrt 35.3°, awrt 144.7°
* Al | 21
4)
(8 marks)
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November 2020 Question 12 Paper 1

12. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

<BW:/J/J>

cosec — sinf = cosfcotll 7+ (180m)° nelZ
(3)
(b) Hence, or otherwise, solve for 0 < x < 180°
cosecx — sinx = cosxcot(3x — 50°)
(5)
ANSWER
Question Scheme Marks AOs
12 (a) States or uses cosecd = — Bl 12
sin @
cosecﬂ—sinﬁz;—sjnf?:w M1 2.1
sin & siné
cos’ @ cos @
=— =cosx——=cosfcotd * Al* 2.1
sinf sin ¢
(3)
(b) cosec.x —sin x = cosx cot (3x—50°)
= cosxcot x = cos xcot(3x—50°)
cot x = cot(3x—50°) = x = 3x - 50° MI 3.1a
x=25¢ Al I.1h
Also cotx=cot(3x-50°) = x+180°=3x-50° Ml 2.1
x=115° Al 1.1b
Deduces x =90° Bl 2.2a
(5)
(8 marks)
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November 2020 Question 10 Paper 2

10.

In this question you must show all stages of your working.

(a) Show that

cos3A=4cos’ A—3cosA

Solutions relying entirely on calculator technology are not acceptable.

<BW:/J/J>

(4)
(b) Hence solve, for —90° < x < 180°, the equation
1 — cos3x =sin’x
(4)
ANSWER
Question Scheme Marks AOs
10 (a) c0s 34 =cos (24 + 4) = cos 24cos 4 — sin 24sin 4 M1 3.1a
Z(EL‘US:A—I)CUSA—{ZSinACUSA}SiHA dM1 1.1b
:(2*(:0'53 A’—l]cosA—2cusA(l—coslA) ddM 1 2.1
=4cos’ A—3cos A* Al# 1.1b
(4)
(b) 1-cos3x=sin"x—=cos’x+3cosx—4cos’ x=0 M1 1.1b
= cos_r[4c053 _r—ms:r—B] =0
= cosx(4cosx+3)(cosx—1)=0 dMm1 3.1a
= CoSX=..
Two of —90°, 0, 90°, awrt 139° Al 1.1b
All four of —90°, 0, 90°, awrt 139° Al 2.1
(4)
(8 marks)
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June 2019 Question 12 Paper 2

12. (a) Prove

cos3d N sin 36
sind cosf

= 2cot28 O+90n)°, nelk

(b) Hence solve, for 90° < # < 180°, the equation

cos 36 sin 34
+ =4

sinf cost

giving any solutions to one decimal place.

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
2 cos39+sin36' 2 cot 26
= 2co
smé  cosd
'{a] (LHS =1 cos39c0_s:9+5111395m9 M 3.1a
Way 1 sinfcosd
_ cgs(sa—e) {: _cosze } Al ’ 1
sinfcos sinfcos
_ ccstQ — 2cot20 * dM 1 1.1b
1sin2d Al * 2.1
(4)
.(a] (LHS=! cosZQcosE_‘—sm 280sin @ N sin 28 cos @+ cos2@sin &
Way 2 sinf cosf
cos 26 cos” @ —sin 260sin Hcos 6 + sin 26 cos fsin & + cos 26sin M 31a
sinfcos .
_ cos26(cos” @ +sin” 6) {_ cos2d } Al ) 1
sinfcosfd sinfcos@ -
_ ::0-326" ot * dM1 1.1b
1sin28 Al* 2.1
4
(b) {C‘?smﬁ'“m =4 :} 2cot20=4 :2[L):4 M1 1.1b
Way 1 smé&  cosd tan26@
Rearranges to give tan26 =k; k = 0 and applies arctank dM 1 1.1b
{90“ < G < 180°, tanQQ:% :b}
Only one solution of 8 =103.3°(1 dp) or awrt 103.3° Al 2.2a
(3)
38 sin3f
(b) COSST 3T _ 4 ol 2cot20=4 = - MI I.1b
Way 2 sind  cos# tan 26
;:4 — 2(1—tan” @) = 8tan &
( 2tan@ J
1—tan® @
3 dM1 1.1b
5 —4i1,‘4'—4l -1
= tan" @ +4tanf —-1=0= tanf = ) (=D
21)
{=tandd=-2+ JS_ | = tané =k; k=0 = applies arctan &
190° < #<180°, tanf=—2—+f5 =}
Only one solution of =103.3°(1 dp) or awrt 103.3° Al 2.2a
(3)
(7 marks)
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June 2018 Question 7 Paper 2

7. (1) Solve, for 0 < x < %+ the equation
4sinx = secx
4)
(11) Solve, for 0 < 8 < 360°, the equation
Ssinf) — Scosfl =2

giving your answers to one decimal place.

(Solutions based entirely on graphical or numerical methods are not acceptable.)
()
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ANSWER
Question Scheme Marks | AOs
7 (i) 4sinx=secx, UE,‘{{Z%; (ii) 5sin@—5cos@=2, 0<0<360°
() 4 -1
Way 1 For secx = s Bl 1.2
{4sinx=secx =} 4sinxcosx=1=>2sin2x =1 :>sin2x=% M1 3la
o [1) 1 _ (1)‘1 T S dM1 1.1b
xXx=—arcsin| — | or —|g-arcsin| — || = x=—, —
2 2 2 2)) 1212 Al 1.1b
(C)]
(i) _ |
Way 2 For secx = cosx Bl 1.2
l4sinx =secx =} 4sinxcosx =1=>16sin’ xcos’ x =1
16sin® x(1—sin’ x) =1 16(1—cos® x)cos” x=1
: . 9 5 M1 3.1s
16sin’ x—16sin’ x +1=0 16cos’ x—16c0s” x +1=0 y
sinx or cos’ x = 16192 {= 2443 or 0.933...,0.066..}
32 4
ﬁ ’ dM1 1.1b
I=HICSiH[ ziﬁJ or I=HTCC(]S[ zi\"g]:} x:i,s—ﬂ-
4 4 12 12 Al 1.1b
(C)]
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< B\:/ | /J>

(ii) Complete strategy, i.e.
e Expresses 5sinf?—5cosf =2 in the form RS[]’I{G —(I) — 2,
finds both R and @, and proceeds to sin(6@—a) =k, k| <1, k=0
o Applies (5sin@—>5cos@)’ =27, followed by applying both Mi 3.1a
cos’ #+sin’ @=1 and sin26=2sinHcos@ to proceed to
sin28 =k, |k|<l, k=0
(5sin@—5cos@)’ =2° =
R=450 . : _
g =1 = g =45° 25sin” @4 25c0s” @ —50sinPcosf =4 M1 1.1b
= 25-25smn20 =4
. 2 . 21
d—-45%) = —— ==
sin( ) 750 sin26 5 Al 1.1b
dependent on the first M mark
[ 2
e.g. 0 =arcsin| — |+ 45° eg 0= 1 arcsin(al dMI .1b
V50 2 25
0 = awrt 61.4° awrt 208.6° Al 2.1
Note: Working in radians does not affect any of the first 4 marks
)
(9 marks)
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June 2018 Question 12 Paper 2

12. (a) Prove that

| — cos2f = tan@sin 26, H;@. e
3)
T T .
(b) Hence solve, for —3 < x < 3 the equation
(sec’x — 5)(1 — cos2x) = 3tan’xsin2x
Give any non-exact answer to 3 decimal places where appropriate.
(6)
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ANSWER
Question Scheme Marks | AOs
12 I—CUSZHEIEHHHiHZI‘;‘,Qi(2n+1JE,HE.r’:
“f:; , tan #sin 26 =[::;f;j(zsm @cosd) M1 1.1b
sind . - Ml 1.1b
= 2sinfces?) = 2sin“ @ =1-cos28 *
[pesﬁ]{ ) Al* 2.1
(3)
(2) 1—c0s280 =1—(1-2sin’ @) =2sin’ @ M1 1.1b
Way 2 |
(SN0 o Ml | Lib
= [Cosg]{hmﬂws{?) = tan&sin 28 INE 71
(3)
(sec’ x—5)(1—cos2x)=3tan’ xsin2x, —%f:x{g
(b) (sec” x—5)tanxsin 2x =3tan” xsin 2x
Way 1 or (sec” x—5)(1-cos2x) =3tanx(1 — cos2x)
Deduces x=0 Bl 2.2a
Uses sec” x=1+tan’ x and cancels/factorises out tanx or (1—cos2x)
1+ tan’ x —3tanx —S)tanx =0
eg | +jar1 x—3tanx —5)tanx M1 21
or (1+tan” x—3tanx —5)1—cos2x)=0
or | +tan’ x—5=3tanx
tan” x-3tanx-4=0 Al 1.1b
(tanx—4)tanx+1)=0=tanx=... M1 1.1b
T Al 1.1b
x——z,1.326 Al L1b
(6)
(9 marks)
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Ch. 7: Trigonometry and Modelling

June 2024 Question 12 Paper 1
12, (a) Express 140cos@ — 480sin@ in the form Kcos(d + a)
where K > 0 and 0 < a < 90°

State the value of K and give the value of @, in degrees, to 2 decimal places.

3)
A scientist studies the number of rabbits and the number of foxes in a wood for
one year.
The number of rabbits, R, is modelled by the equation
R=A+140cos(30¢)° — 480sin(30¢)°
where ¢ months is the time after the start of the year and A is a constant.
Given that, during the year, the maximum number of rabbits in the wood 1s 1500
(b) (i) find a complete equation for this model.
(11) Hence write down the minimum number of rabbits in the wood during the year
according to the model.
(2)
The actual number of rabbits in the wood is at 1ts minimum value in the middle of April.
(c) Use this information to comment on the model for the number of rabbits.
(2)
The number of foxes, F, in the wood during the same year is modelled by the equation
F =100 + 70sin(30¢ + 70)°
The number of foxes is at its minimum value after 7 months.
(d) Find, according to the models, the number of rabbits in the wood at time 7 months.
4)
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ANSWER

Question Scheme Marks AOs
12(a) K =500 Bl 1.1b
tanazﬂzba.f:__ MI 1.1b
a = awrt 73.74° or 500cos(&+73.74)° Al 1.1b

3)

(b)(i) R =1000+500cos (30 +73.74)°
or Blft 33
R =1000+140cos(30¢)° - 480sin (30¢)°

(b)(ii) (R, =} 500 B1ft 34

(2)
(¢) t=3.5= R="1000"+"500"cos(30(3.5)+"73.74")° = . MI 3.4

R =awrt 500.1...

so the model is reliable al S

2)
(d) sin(307+70)°=-1=300+70=270=30r = .. (or = ...) Ml 34
306 =200 {Dl'{=23—UJ Al 1.1b

: , , 20, w ,
R ="1000"+"500" cus{.‘;o(' T"]+' 73.74" ]"
' dMmI 3.4
or
R="1000"+ 140::03{"20{)")“—48051'n(“ 200")°

R=1032 (or 1033) Al 1.1b

4

(11 marks)
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June 2023 Question 15 Paper 2

15. A student attempts to answer the following question:

Given that x is an obtuse angle, use algebra to prove by contradiction that

sinx — cosx = 1

The student starts the proof with:

Assume that sinx —cosx < 1 when x is an obtuse angle
= (sinx — cosx)’ < 1

The start of the student’s proof is reprinted below.

Complete the proof.

3)
Assume that sinx — cosx < 1 when x is an obtuse angle
= (sinx — cosx)” < 1
ANSWER
Question Scheme Marks AOs
15 (sinx—cosx)2<l:>sin2x—25inxcosx+coszx (<1)oe. M1 1.1b
Examples:
I-2sinxcosx< 1, l-sin2x<1l, —2sinxcosx <0, —sin2x<0 Al 22a
As x 1s obtuse then —2sin xcosx is positive because sinx >0 and cosx <0

so we have a contradiction. Al* 2.4

Therefore sinx—cosx > 1 *

(3 marks)
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June 2023 Question 14 Paper 2
14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2tanf(8cosf + 23 sin’ ) = 8sin26(1 + tan’ 6)
may be written as
sin20(Acos” @+ BeosO + C) =0

where 4, B and C are constants to be found.

3)
(b) Hence, solve for 360° < x < 540°
2tanx(8cosx + 23 sin’ x) = 8sin2x (1 + tan” x) xeR x=450°
4)
ANSWER
Question Scheme Marks AOs
14 i
(@) e.g. 2Smg(8(:036—%23(1—(:052 9))=8x2sin90056‘sec29 B1 1.2
cos

2tan O(8 cos @+ 23sin? A) = 8sin 2@ sec’ &
= 2sinfcos A(8cos @ +23(1—cos’ A)) = 8sin 20 2.1
sin20(8 cos @ + 23(1 — cos” 8)) = 8sin 20 222

sin 20(23cos’ 0 —8cos 0 —15) =0 MI1Al
3
(b) sin 2x(23cos’ x —8cosx—15) =0
sin2x=0=x=360° or 540° B1 2.2a
2360s2x—8cosx—15:cosx:—;—53 M1 1.1b
cosx——ED X = dM1 I.1b
TRt .
x=360°, 540° and awrt 491° only Al 2.3
“)
(7 marks)
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June 2023 Question 8 Paper 2
8. (a) Express 2cos@ + 8siné in the form Rcos(0 — a), where R and a are constants,
R>0and 0<a< %

Give the exact value of R and give the value of a in radians to 3 decimal places.

3)
The first three terms of an arithmetic sequence arc
COSX cosx + sinx cosx + 2sinx XEnT
Given that S, represents the sum of the first 9 terms of this sequence as x varies,
(b) (1) find the exact maximum value of S,
(i1) deduce the smallest positive value of x at which this maximum value
of S, occurs.
3)
ANSWER
Question Scheme Marks | AOs
2cos@ +8sinf = Rcos@cosa + Rsinfsina
2:Rcosa8 8=Rsina M1 | Lib
tanax =—= a =...
2

a = awrt 1.326 Al |22a

3)
(b)(i) 4.5x" 217" M1 | 1.1b
9\/17 Al |22a
(ii) awrt 1.33 Blft | 2.2a

3)
(6 marks)
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June 2023 Question 13 Paper 1

13. On a roller coaster ride, passengers travel in carriages around a track.
On the ride, carriages complete multiple circuits of the track such that
* the maximum vertical height of a carriage above the ground is 60 m
* a carriage starts a circuit at a vertical height of 2m above the ground
* the ground is horizontal

The vertical height, Hm, of a carriage above the ground, ¢ seconds after the carriage
starts the first circuit, is modelled by the equation

H=a—b(t—20)

where a and b are positive constants.

(a) Find a complete equation for the model.

3)
(b) Use the model to determine the height of the carriage above the ground when ¢ = 40
(1
In an alternative model, the vertical height, // m, of a carriage above the ground,
t seconds after the carriage starts the first circuit, is given by
H=29cos(9t+a)°+p 0 <a<360°
where « and £ are constants.
(¢) Find a complete equation for the alternative model.
2)
Given that the carriage moves continuously for 2 minutes,
(d) give a reason why the alternative model would be more appropriate.
(1)
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ANSWER
Question Scheme Marks AOs
13(a) =60 Bl 3.1b
2="60"-H(-20)7 = b=... Ml 34
H =60-0.145(t — 20)° Al 33
€))
(b) Height=2m B1 34
(1)
(c) a =180 or g =31 Ml 3.4
H =29cos(9r+180)°+31 Al 33
(2)
(d) e.g. “The model allows for more than one circuit” Bl 3.5a
)}
(7 marks)
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June 2022 Question 9 Paper 2

Figure 4 Figure 5

Figure 4 shows a sketch of a Ferris wheel.

The height above the ground, //m, of a passenger on the Ferris wheel, t seconds after
the wheel starts turning, is modelled by the equation

H = |Asin(bt + a)°|
where 4, b and o are constants.
Figure 5 shows a sketch of the graph of H against ¢, for one revolution of the wheel.

Given that

» the maximum height of the passenger above the ground is 50m
» the passenger is 1 m above the ground when the wheel starts turning

« the wheel takes 720 seconds to complete one revolution

(a) find a complete equation for the model, giving the exact value of 4, the exact value
of b and the value of « to 3 significant figures.

4)
(b) Explain why an equation of the form
H=|Asin(bt + a)°| +d
where d is a positive constant, would be a more appropriate model.
(1)
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ANSWER
Question Scheme Marks AOs
@) Deduces that 4 =+50 or b :% Bl 34
Deduces that 4 =+50 and b :% Bl 34
Uses t=0H=1=a=.. Eg 1="50"sin(a¢)° = a=.. M1 34
(1 o
H= ijﬂsm[zr+l.15) Al 33
4)
(b) E.g. the minimum height above the ground of the passenger
on the original model was 0 m B1 1.5b
or
Adding “d” means the passenger does not touch the ground.
(1)
(5 marks)

Video solution:

https: tu.be/MAVbZ55bRIE
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June 2022 Question 14 Paper 1

14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that
2sin(x — 60°) = cos(x — 30°)
show that

tanx = B\E

4)
(b) Hence or otherwise solve, for 0 < § < 180°
2sin26 = cos (20 + 30°)
giving your answers to one decimal place.
(4)
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ANSWER
Question Scheme Marks | AOs
14(a) sin(x—60°) = +sin x cos 60° £ cos x sin 60°
Attempts to use both ) ) MI 2.1
cos(x—30°) =+cos xcos30°+sin xsin30°
Correct equation Al 1.1b
2sin xcos 60° — 2 cos x sin 60° = cos xcos 30° +sin xsin 30°
Either uses zﬂr::. = tan x and attempts to make tan x the subject
E.g. (2cos60°—sin30°)tan x = cos 30°+ 2sin 60°
Or attempts sin30° etc with at least two correct and collects terms in M1 2.1
sinx and cosx
33
Eg. [Ex%—%]sinx:{2x€+%]cosx
Proceeds to given answer showing all key steps
Al* 1.1b
E.g. %tanx:%ﬁtanx:}v@ *
(4)
(b) Deduces that x =28+ 60° Bl 2.2a
tan (26 +60°) = 343 = 20+ 60° = 79.1°,259.1°,..... M1 L1b
" 79.1°-60°
Correct method to find one value of & E.g 8 T — dMl1 I.1b
# =awrt 9.6°, 99.6° (See note) Al 2.1
(4)
(8 marks)
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November 2021 Question 15 Paper 2

15. (a) Express 2cosf —sin@ in the form Rcos(0+ a), where R>0and 0 < a < %

Give the exact value of R and the value of @ in radians to 3 decimal places.

(3)
H metres
e ST Water level
Figure 6
Figure 6 shows the cross-section of a water wheel.
The wheel is free to rotate about a fixed axis through the point C.
The point P is at the end of one of the paddles of the wheel, as shown in Figure 6.
The water level is assumed to be horizontal and of constant height.
The vertical height, H metres, of P above the water level is modelled by the equation
H=3+4cos(0.51) — 25 (0.51)
where ¢ is the time in seconds after the wheel starts rotating.
Using the model, find
(b) (i) the maximum height of P above the water level,
(i1) the value of f when this maximum height first occurs, giving your answer to one
decimal place.

(3)
In a single revolution of the wheel, P is below the water level for a total of T seconds.
According to the model,
(c) find the value of T giving your answer to 3 significant figures.

(Selutions based entirely on calculator technology are not acceptable.)

4)
In reality, the water level may not be of constant height.
(d) Explain how the equation of the model should be refined to take this into account.

(1)

Arancha Ruiz
Copyriah-i- 2023 © Better your Maths

125



:B\:/J/J>

ANSWER
Question Scheme Marks AOs
15(a) R=+ Bl | Llb
tan(x—%ﬁrsin(J:% Orcusu:%z.&z:,.. M1 1.1b
o =0.464 Al 1.1b
_ @)
(b)(i) 3+2-5 Blft 34
(ii) COS(U.SI - 0_464) =1=05r+0464 =27
M1 34
=>i=...
t=11.6 Al 1.1b
3)
(© 3+2+/5cos(0.51+0.464) =0
3 MI 3.4
cos(0.5¢+0.464) = ———=
25
cos (0.5t +0.464) = —% = 0.5 +0.464 = cos™ [—%J
3 dM1 1.1b
—=t=2|cos'| ——— |-0.464
[ ( 25 ] ]
So the time required is e.g.:
2(3.977..—0.464)—2(2.306..—0.464) dM1 | 3.1
=334 Al 1.1b
4)
(d) e.g. the “3” would need to vary Bl 3.5¢

)]

Video solution:

https://youtu.be/cKe2VWz8jMM
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November 2020 Question 6 Paper 1

6. (a) Express sinx + 2cosx in the form Rsin(x + a) where R and @ are constants, R > 0

do =
an ":G'{z

Give the exact value of R and give the value of & in radians to 3 decimal places.

3)
The temperature, #°C, inside a room on a given day is modelled by the equation
6=35 '(ﬁ—r—‘i)Jrz (K—!—"’) 0<t<24
=5 Fsin| 5 cos| 75 <t<
where 1 1s the number of hours after midnight.
Using the equation of the model and your answer to part (a),
(b) deduce the maximum temperature of the room during this day,
(1)
(c) find the time of day when the maximum temperature occurs, giving your answer to
the nearest minute.
3)
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ANSWER

QQuestion Scheme Marks AOs
6 (a) R=15 B1 1.1b
tanag=2=>a=.. Ml 1.1b
a=1.107 Al 1.1b

3

.|t
0= 5+J§sm[ﬁ+1_10?—3]

(b) (5+35)°C orawrt7.24°C BIft 22a

)
© m+1.|07—3:%:>r: M1 3.1b
t=awrt13.2 Al 1.1b
Either 13:14 or 1:14 pm or 13 hours 14 minutes after midnight. Al 32a

3)

(7 marks)
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June 2019 Question 6 Paper 1

6. (a) Solve, for —180° < @ < 180°, the equation

5sin26 = 9tand

giving your answers, where necessary, to one decimal place.

:BW‘:/J/J>

[Solutions based entirely on graphical or numerical methods are not acceptable.]

(b) Deduce the smallest positive solution to the equation

5sin(2x — 50°) = 9tan (x — 25°)

(6)

(2)

ANSWER
Question Scheme Marks AQOs
6(a . . iné
@ 531n29=9tan5‘:}1051n6‘c059=9xSmg
cos M1 3.1a
Acos’@=B or Csin®@=D or Pcos’ @sinf = Osind
For a correct simplified equation in one trigonometric function

Al 1.1b

Eg 10cos’#=9 10sin*@=1 oe

Correct order of operations For example
) 9 dM1 2.1

10cos” @ =9 = @ =arcos(t),|—

Ccos arcos () 00
Any one of the four values awrt 8 =+18.4° ,+161.6° Al 1.1b
All four values & =awrt £18.4°,+161.6° Al 1.1b
& =0°,£180° Bl 1.1b

(6)
(b) Attempts to solve x—25°=—18.4° M1 1.1b
x=6.6° Alft 22a
(2)
(8 marks)
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June 2019 Question 12 Paper 1

12. f(x) = 10e "> sinx, x=0

(a) Show that the x coordinates of the turning points of the curve with equation y = f(x)
satisfy the equation tanx = 4

(4)
VoA
0 X
Figure 3
Figure 3 shows a sketch of part of the curve with equation y = f(x).
(b) Sketch the graph of H against t where
H(r) = |10e "> sint| 120
showing the long-term behaviour of this curve.
(2)

The function H(7) is used to model the height, in metres, of a ball above the ground
t seconds after it has been kicked.

Using this model, find

(c) the maximum height of the ball above the ground between the first and second bounce.

3)

(d) Explain why this model should not be used to predict the time of each bounce.

(1)
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ANSWER
Question Scheme Marks AOQOs
12 (a) f(x)=10e " sinx
e e M1 1.1b
=1(x)=-2.5¢ """ sinx+10e " cosx oc
Al 1.1b
f'{x)=ﬂ:‘5—2.5g/"}ﬁsinr+lﬂry‘m{cosx=ﬂ M1 2.1
Slnx:ﬂ:ptanx:d* Al* 1.1b
cosx 2.5
4)
(b) Y H
"Correct" shape for 2 loops M1 1.1b
Fully correct with Al 1.1b
decreasing heights
| !
(2)
(c) Solves tan x =4 and substitutes answer into  H (¢) M1 3.1a
H(4.47) =|10e*¥ 5in4.47| Ml 1.1b
awrt 3.18 (metres) Al 3.2a
3)
(d) The times between each bounce should not stay the same when the
) X . i Bl 3.5b
heights of each bounce 1s getting smaller
(1)
(10 marks)
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June 2018 Question 8 Paper 1

8. The depth of water, [J metres, in a harbour on a particular day is modelled by the formula

D=5+2sin(30n° 0<rt<24
where [ is the number of hours after midnight.

A boat enters the harbour at 6:30am and it takes 2 hours to load its cargo.

The boat requires the depth of water to be at least 3.8 metres before it can leave the harbour.

(a) Find the depth of the water in the harbour when the boat enters the harbour.

(1)
(b) Find, to the nearest minute, the earliest time the boat can leave the harbour.
(Solutions based entirely on graphical or numerical methods are not acceptable.)
(C))
ANSWER
Question Scheme Marks AOs
8 (a) D =5+2sin(30x6.5)°=awrt 448m with units BI 34
(1)
(b) _ _ M1 I.1b
3.8=5+2sin(30r)° = sin(30r)°=-0.6
Al 1.1b
t=10.77 dm1 3.la
10:46 am. or 10:47 a.m. Al 3.2a
(4)
(5 marks)
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Ch. 8: Parametric Equations

June 2024 Question 10 Paper 2

10.
V4

Figure 4

Figure 4 shows a sketch of the curve C with parametric equations

£

x=(r+3)’ y=1-r -2<1g1

The point P with coordinates (4, 2) lies on C.

(a) Using parametric differentiation, show that the tangent to C at P has equation

3x+4y =20
()
The curve C is used to model the profile of a slide at a water park.
Units are in metres, with y being the height of the slide above water level.
(b) Find, according to the model, the greatest height of the slide above water level.
(1
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ANSWER
Question Scheme Marks | AOs
10(a) x=4y=2=¢t=-1 Bl 2.2a
dv dy dr 2 1
_ —:—3{‘
dr drdr o 2(1+3) M1 1.1b
dy 2 1 3
S 3 -1V x—— =
3 3 3
:>}=—2:—E(x—4} or :>y=—1x+c—>2:—1x4+c:>c... ddM1 | 2.1
3
}:—2=—Z(x—4):>4y—8=—3x+12
" Al* | 11b
c=3=y=——Xx+5
=3x+4y=20%
(&)
(b) Maximum height is 9m Bl 34
(1
(6 marks)
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June 2023 Question 9 Paper 2

9. The curve C has parametric equations
x=1"+6t-16 y=6In(t + 3) t>-3

(a) Show that a Cartesian equation for C is

y=Aln(x + B) x>-B
where 4 and B are integers to be found.
3)
The curve C cuts the y-axis at the point P
(b) Show that the equation of the tangent to C at P can be written in the form
ax +by=clIn$5
where a, b and c are integers to be found.
(4)
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ANSWER
Question Scheme Marks AOs
9(a) x:(t+3_)2 —-25 M1 I.1b
Way 1 |
S x+25=(+3) = (x+25)2 =(+3) > y=.. Mi 2.1
y=6ln(x+25)%:>y=3]n(x+25) Alcso 1.1b
3)
(b) x=0, y=3In250¢ce.g. 6In5 Bift 2.2a
o 3 b3 (_iJ
dy  x+"25"  dx 0+"25" 25
or
dy [LJ 6 M1 2.1
dr _\t+3 243 (_ 6 3 J
—_— = = _———
dr 246  2x2+6 50 25
dt
y—"3In25"= "%"{x{fO}} dM1 3.la
25y —=3x=150In5 Al 2.2a
)
(7 marks)
Notes
Choose the mark scheme that best matches their chosen method.
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November 2021 Question 13 Paper 1

13. A curve ( has parametric equations

x:r‘+5 = 4 telR
2 +1 T+l
Show that all points on C satisfy
(- 3f 4124
(3)
ANSWER
Question Scheme Marks AOs
13 o 2 2
(1:—3}3+y1— L5 41 [ 2
S £ +1 £ +1 Ml | 3.1a
(2—2;‘2)1 +168°  4+8" +4¢°
= ; 7 = j 2 dM1 1.1b
(:"+l] (r +1]
a(t+20+1) 4(F+1)
N T T T =4% Al* 2.1
[r' +1J (r +1]
3)

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths

137



June 2019 Question 4 Paper 2

=Y

Figure 2

The curve C| with parametric equations

x = 10cost, }*:4\f§sin.', 0<r< 2

meets the circle C, with equation

¥y =66

at four distinct points as shown in Figure 2.

Given that one of these points, §, lies in the 4th quadrant, find the Cartesian coordinates of S.

(6)
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ANSWER
Question Scheme Marks | AOs
4 C,: x=10cost , _1-‘:4\}551111‘, 0<r<2m: lf.”_,:)('1 +,1-"? =66
Way 1 (10cost)’ +(4+2sint)* = 66 Ml 3.1a
. 2 - 5 . M1 2.1
100(1 —sin” )+ 32sin" t =66 100cos™ r+32(1 —cos™ 1) =66
Al l.1b
100—68sin’ t = 66 ::-sin:r:% 68cos’ 1 +32 =66 :>coslr:% M1 L1b
= sinf =... = COSl=...
Substitutes their solution back into the relevant original equation(s)
to get the value of the x-coordinate and value of the
. . M1 1.1b
corresponding y-coordinate.
Note: These may not be in the correct quadrant
S=(5v2, -4 or x=5J2, y=—4 or S =(awrt 7.07, —4) Al 3.2a
(6)
f4sin’r=1 XV [ 2] 21 = 3202 +100y* = 3200
Way 2 fcos f+sin" t=1=} 10 + i) 1= 32x" +100y" = H M 3 1a
66—x —y? a M1 2.1
x | 6-x 66)+_}_=]
100 32 100 32 Al 1.1b
32x* +6600—100x" =3200 2112-32)" +100y" =3200 M1 b
X =50 = x=.. V' =16 = y=.. '
Substitutes their solution back into the relevant original equation(s) to
get the value of the corresponding x-coordinate or y-coordinate. M1 1.1b
Note: These may not be in the correct quadrant
S=[5vr_, —4) or I=5J5, y=—4 or §=(awrt 7.07, —4) Al 3.2a
(6)
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June 2018 Question 14 Paper 1

14. A curve ( has parametric equations
x=3+2sint, y=4+2cos2t, 0=<t<2n

(a) Show that all points on C satisfy y =6 — (x — 3)°
(2)

(b) (i) Sketch the curve C.

(11) Explain briefly why C does not include all points of y =6 — (x — 3)%, xeR
(3)

The line with equation x + y = k, where £ is a constant, intersects C at two distinct points.

(c) State the range of values of &, writing your answer in sct notation.

()
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ANSWER
Question Scheme Marks AQOs
14(a) . ~3Y
Attempts to use CDSZI=1—25iH1I:>J24=l—2[x23) M1 2.1
(x-3)° 2 Al* 1.1b
= y—4=2-4x 7 = y=6-(x-3) * .
2)
(b)
MI 1.1b
-1 A
| shaped
(16) parabola
Fully Al 1.1b
/ ~N correct
— (5 2} with
1.2 A
1 : ‘ends’ at
o 2 4 x * {]’2} &
— (5.2)
I Bl 2.4
Suitable reason : Eg states as x =3+2sinf, 1< x <5
3)
(c) Either finds the lower value for k=7
Bl 22a
or deduces that k < %
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Finds where x+y =k meets y =6—(x—3)’ . -
la
=k —x=6—(x—3)" and proceeds to 3TQ in x or y
Correct 3TQ inx X =TIx+(k+3)=0
Al 1.1b
Ory V +(7-2k)y+(k* =6k +3)=0
. 37
Uses b —dac=0= 49—4x1x{k+3)={]:k={TJ
or ML |21
2 ) 37
(7-2k) —4xIx(k” —6k+3)=0=k = T
37
Range of values for k = {k 7< k{T} Al 25
)
(10 marks)
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Ch. 9: Differentiation

June 2024 Question 5 Paper 1

5. The function f is defined by

(a) Show that

2x -3
f="5—, *<R
£100) ax” + bx + ¢

X)=—"—"—"3"
2
(x +4)

where a, b and ¢ are constants to be found.

(b) Hence, using algebra, find the values of x for which f is decreasing.
You must show each step in your working.

(3)

(3)

ANSWER
Question Scheme Marks AOs
S(a) _ 2(x* +4)-2x(2x-3
f(s) - 22 () - )2
X +4 (x'+4) MI 1.1b
or Al 1.1b
f(x)=(2x-3)(x* +4) = (x)=2(x" +4) —2x(2x-3)(x* +4)
" -2x* +6x+8
f'(x)=—"—"17— Al 1.1b
[x +4)
3)
(b) Blft
2 +6x+8=0=-2(x+D(x-4)=0=>x=-1,4 (M1 on 1.1b
EPEN)
Chooses correct region for their numerator and their critical values M1 1.1b
x<—lorx=4 Al 22a
3
(6 marks)
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June 2023 Question 7 Paper 2

7. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve has equation

X’ + 2y +3)° = 47

(a) Find & in terms of x and y

“4)
The point P(-2, 5) lies on the curve.
(b) Find the equation of the normal to the curve at P, giving your answer in the form
ax + by + ¢ =0, where a, b and ¢ are integers to be found.
3)
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ANSWER
Question Scheme Marks AOs
(@) X = .x* and 3y* > ...yd" M1 1.1b
dy
2 2y+2x— .
xy —=2y+ xdx B1 1.1b
2 dy dy dy
3 2x—+2y+6y—=...=>——=_... )
X+ xdx+ y+ yd.r jdx M1 2.1
2
dy__2y+3x Al I1b
dx 2x+6y
4)
b 2
(b) dy_ 2(5)+3(-2)
dx 2(-2)+6(5)
ore.g. M1 1.1b
3(—2)3+2(—2)$+2x5+6x59:0:>9:... (—ﬂ]
dx dx dx 13
y—5=”%"(x+2) dM1 1.1b
13x-11y+81=0 Al 2.2a
3)
(7 marks)
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June 2023 Question 1 Paper 2

1.
fx)=x"+2¢" -8 +5
(a) Find f"(x)
(2)
(b) (1) Solve f"(x)=0
(i1) Hence find the range of values of x for which f(x) is concave.
(2)
ANSWER
Question Scheme Marks AOs
1(a) ') =}x’ +ox . 2 {f(x) =) x +... M1 1.1b
(f'(x)=)3x +4x -8 = {f"(x) =} 6x + 4 Aleso 1.1b
(2)
) "6x+4" = 0:>x="—§" Bift 1.1b
(i) x ﬂ"*;" or x <"fz" Bift 2.2a
2)
(4 marks)
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June 2023 Question 12 Paper 1

12. y = sinx

where x is measured in radians.

Use differentiation from first principles to show that

< B\z/ | /J>

dy
- COSX
dx
You may
* use without proof the formula for sin(4 = B)
* assume thatas h — 0, sinz — 1 and % -0
)
ANSWER
Question Scheme Marks | AOs
P - —
sin(x+h)—sinx BI 21
h
sin xcos i +cos xsin kA —sin x Ml 1.1b
h Al 1.1b
. cosh-1 sinh .
(As h—>0), sinx . +cosx - — Oxsinx+1xcosx dM1 | 2.1
) l:cosx * Al* 2.5
dx
(5 marks)

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths

147



June 2022 Question 16 Paper 2

16.
VA
C
~] ,
/
0 X
Figure 6
Figure 6 shows a sketch of the curve C with parametric equations

, T T
x=2tanr+1 y=2sec’t+3 _I g::—g;

The line / is the normal to C at the point P where (= 4

(a) Using parametric differentiation, show that an equation for / is

(b) Show that all points on C satisfy the equation

1 2
==(x—1) +5
y 2(1 )

Arancha Ruiz
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The straight line with equation
y=- E_‘r +k where & 1s a constant

intersects C at two distinct points.

(c) Find the range of possible values for £.

()
ANSWER
Question Scheme Marks | AQOs
16(a) dy
dy Qg dsec’ttant MI 1.1b
Attempts —=-L=———(=2tant)
e dr gy Al | Llb
dt
Atr=Z Y 3y 3,27 ML | 21
4 dx 77 77 '
Attempts equation of normal _}’—?:—%(X—S} M1 1.1b
}’:_%IJF% ¥ Al* 2.1
3
(b) , . - 1y
Attempts to use sec f=1+tan t = _],23:1+[x2 1] M1 3.1a
(x-1)° L1y Al* | 2.1
=>y-3=2+ 5 :>y:§(x—l) +5 * .
2)
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(c) Attempts the lower limit for k:
1 2 | 2
E{X—l) +5:—§x+ﬁ::>x —I+(ll—2k]:0 M1 21
b —4ac=1-4(11-2k)=0=k=...
43
k=)— Al 1.1b
(k=)%
Attempts the upper limit for &:
i T 2
(x,;-}m_%.r:—I:}).=2tan(—EJ+]=—l, v =2sec [— M 51
1 1
(-L 7).y ——Exhk =7 _§+A = k=..
13
=)= Al 1.1b
(k=)%
48_3{;{ 5;% Al 2.2a
3
(12 marks)
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June 2022 Question 12 Paper 2
12. The function f is defined by

]
4x* + k

f(x) =
where k is a positive constant.

(a) Show that
f'(x) = (12x" — 8x + 3k) g(x)

where g(x) 1s a function to be found.

3)
Given that the curve with equation y = f(x) has at least one stationary point,
(b) find the range of possible values of £.
3)
ANSWER
Question Scheme Marks AOs
12(a) 3x (4):3 - k]:%esx “8xe
fx)=— = f'(x)= <
4x 1 k (4x3+k) Ml 1.1b
or Al 1.1b
ix a -1 ix f - -1 x 3 -2
f(x)=ec (4:(‘ +k) — f'(x) =3¢ (41‘ +k) —8xe [4x- +k]
(1207 ~8x+ 3k )¢
f'(x) = 3 Al 2.1
(4_7(1 +k)
3)
(b) If y =1{(x) has at least one stationary point then
’ BI 2.2a
12x" —8x+ 3k = 0 has at least one root
Applies b —4ac (=)0 with a=12,b=-8,c =3k M1 2.1
O<k< % Al 1.1b
3)
(6 marks)

Video solution:

https://youtu.be/IKpbO3FbB1I
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November 2021 Question 14 Paper 1

14. Given that

. x—4 <0
Y v o
show that
dy 1
dx B Ax x>0
where A 1s a constant to be found.
(4)
ANSWER
Question Scheme Marks AOs
14 y= r—4 j£_2+\f';—(x—4]%x_% M1 21
2+4x  dr (2+x) Al | 11b
2+x—(x-4)3x7  24Vr -1 a2t _ 2Vx+lx+2
= 2 = ) 2 = 2 Ml 1.1b
() ] )
Coxeadxea  (20X) | oo
2Wr(244x)  2x(24x) VX |
4)
(4 marks)
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November 2021 Question 8 Paper 2

8. The curve C has equation
px* +gxy + 3" = 26

where p and g arc constants.

(a) Show that

dy apx’ +bqy
dx gx+cy

where a, b and ¢ are integers to be found.

(4)
Given that
+ the point P(-1, —4) liecs on C
* the normal to C at P has equation 19x + 26y + 123 =0
(b) find the valuc of p and the valuc of g.
5
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ANSWER
Question Scheme Marks AOs
8(a) d 5 dy
—3 =6y
L (37) =6y
or M1 2.1
d dy
JR— . — _+ b
dx(qry) T
EPTE-“QIQ‘FQ}""&}’E—O Al 1.1b
o dx dx ’
dy 2 dy
+6y)—=-3 —gy = — = .. dM1 2.1
(gx J]dx PX =gy = -
d_J:M Al 1.1b
dx gx+6y
4)
®) p(1) +g(-1)(-4)+3(-4) =26 ML | Lb
I9x+26y+123=0:>m=—% Bl 22a
S3p(-1) —g(—4) _26 g(-1)+6(4) 19
—q{—l}+6(4] o or —3})(_1]!4_‘}[_4] % M1 3.1a
p—4g=22 57Tp-102g=624 = p=....g=... dM1 1.1b
p=2 g=-5 Al 1.1b
&)
(9 marks)
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November 2021 Question 13 Paper 2

13. The curve ' has parametric equations

x = sin28 y = cosec’f << %

(a) Find an expression for & in terms of @
dx
3)
(b) Hence find the exact value of the gradient of the tangent to C at the point where y = 8
(3)
ANSWER
Question Scheme Marks AOs
1 . ;
3(@) y = cosec’ = j—}g = —3cosec’@cosecd cot O B1 1.1b
dy _dy  dx
de do do Ml 1o
» — 3 ™
da _ 3cosec’dcot & Al [ 1b
dx 2cos28
3
(b) 3 . 3 1 , I
y =8 = cosec’d =8 = sin ()=§:.ssm0'=5 M1 3.la
—~3cosec’ (ijcm (E)
T dy 6 6
f=—=—"—= =
6 dx 5 (2?:)
cos| —
6
or
M1 2.1
3/
3 cosf —3x8x—~L2
T e SR
§inf=—— 2 _sin ‘z-.1§1 _ fl
2 dx 2(1—251n 6') 2[1_2X_]
4
= —24-/3 Al | 22a
3)
(6 marks)
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November 2020 Question 9 Paper 1

B

e
=W

Figure 2
Figure 2 shows a sketch of the curve C with equation y = f(x) where
f(x) =4(x-2)e™ xeR

(a) Show that f'(x) = 8(2 + x — x’)e ™

(3)
(b) Hence find, in simplest form, the exact coordinates of the stationary points of C.
(3)
The function g and the function h are defined by
g(x) =2f(x) xe R
hix)=2f(x)-3 x=0
(c) Find (i) the range of g
(i1) the range of h
3)

Arancha Ruiz
Copyr‘iah-f 2023 © Better your Maths

156



ANSWER
Question Scheme Marks AOs
%a) f(x) =4(x*=2)e™
. -2 2 24 M1 1.1b
Differentiates to e " x8x +4(x - 2}}( —2e Al L 1b
f'(x)=8e = {x—(xz—?,)}=8(2+x—x2)c'2‘ * Al* 2.1
(3)
(b) States roots of f’(x) =0 x=—1.2 BI 1.1b
Substitutes one x value to find a y value M1 L1b
Stationary points are (—l,—-‘-h:z) and (2,80 4) Al I.1b
3)
© (1) Range [—8&2,::0} o.e. suchas g(x)=- 862 Blft 25
(ii) For
* Either attempting to find 2f(0)-3=2x-8-3=(-19) and
identifying this as the lower bound M1 3.la
¢ Orattempting to find 2x"8¢ ™" "-3 and identifying this as
the upper bound
Range [—19,1664—3] Al 1.1b
3)
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November 2020 Question 15 Paper 1

15. The curve C has equation

¥ tany =9 U{}-‘{:E
2
(a) Show that
dy  —18x
de  x*+81
(4)
(b) Prove that C has a point of inflection at x = ﬁ
3)
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ANSWER
Question Scheme Marks AQs
15 (a) 2 _ 22 M1 3.la
x tany=9= 2xtan y+x" sec }dx-ﬂ Al Lb
Full method to get dy in terms of x using
dx M1 1.1b
sec” y=1+tan” y=1+f(x)
9
b T s, Al* |21
= =— ‘
dx xz[]_‘_ﬂJ x +8l1
X
4
(b) dy  —I8x
de  x'+81
d*y  —18x(x'+81)—(-18x)(4x') 54(x*-27)
(" +81) (x*+81) Al 1.1b
States that when x <27 = d }, <0
d’y
when x =327 =>—=0
§ & Al | 24
AND when x>327 = j: >0
giving a point of inflection when x = /27
3)
(7 marks)
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November 2020 Question 13 Paper 2

13. The function g is defined by

3In(x) -7

glx)= In(x) - 2 x>0

where k is a constant.
(a) Deduce the value of £.
(b) Prove that
g'x)>0
for all values of x in the domain of g.

(c) Find the range of values of ¢ for which

g(a) >0

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
13(a) k=e¢" or x#e Bl 2.2a
(H
b
®) (hlx—Q)xg—{Blnx—?]xl
()= - x_
(Inx—Z)l x(Inx-2)
or
' d -1 -3 l ]_ Ml llb
g0 = (3-(In(x)-2) )= (nx-2) o= | 5 |3
dx X x(lnx-2)
or
. —1 3 -2 ]. l
g'(x)=(Inx-2) x=—(3Inx-7)(Inx-2) x—=———
X X x(lnx-2)
As x>0 (or 1/x=0) AND Inx -2 is squared so g'(x) = 0 Alcso 2.4
3)
(e) Attempts to solve either 3lnx—7 ... Qorlnx-2 ... 0
or3lna-7 .. 0orlna-2 ... 0where ... is “="or “=" to reach
. . . MI 3.1a
a value for x or @ but may be seen as an inequality
egx>=...ora= ...
O<a<e’, a>e’ Al 22a
2
(6 marks)
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June 2019 Question 3 Paper 1

3 ,_Sr'+101 %1
(x+1)
(a) Show that dy =— where A and n are constants to be found.
dx (I + 1]” (4)
(b) Hence deduce the range of values for x for which dr < 0
d_t (l)
ANSWER
Question Scheme Marks AOQOs
3(a) 5x° +10
Correct method used in attempting to differentiate y = xi,,x M1 3.1a
(x+1)
dy  (x+1) x(10x+10)—(5x* +10x)x2(x +1) Al L 1b
= — oe ’
dx (x+ 1]4
Factorises/Cancels term in [x + l} and attempts to simplify
dy (x+1)x(10x+10)—(5x* +10x)x2 4 Ml 2.1
dx (x+1) (x+1Y
dy 10
T , Al 1.1b
dx [r+l]l’
4)
(b) For x<-1
.ody A Blft 22a
Follow through on their — = —. = 1,3
de  (x+1)
(1)
(5 marks)
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June 2019 Question 14 Paper 1

14. The curve C, in the standard Cartesian plane, is defined by the equation
. = T
x =4sin2y — < y<—
R
The curve C passes through the origin O

(a) Find the value of :-jij at the origin.

* (2)

(b) (i) Use the small angle approximation for sin2y to find an equation linking x and y
for points close to the origin.

(ii) Explain the relationship between the answers to (a) and (b)(i).

(2)
(c) Show that, for all points (x, y) lying on C,
dy 1
de  gb-x?
where @ and b are constants to be found.
(3)
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ANSWER
14 (a) Attempts to differentiate x =4sin2y and inverts
—§cos? 1 M1 L.1b
dy COSEV =4 dx 8cos2y
dy 1
—_ = Al L.1b
AL(00) =2
2)
(b) (1) Uses sin2y = 2y when y is small to obtain x = 8y Bl 1.1b
(11) The value found in (a) is the gradient of the line found in (b)(1) Bl 24
(2)
() Uses their d—yas a function of y and, using both sin® 2y +cos* 2y =1
dx
) . . dy )
and x =4sin2y inan attempt to write — or —as a function of x Mi 21
dx dy :
dy 1
Allow for i COS 2y _\/1
2
A correct answer 4 = L or & =8 1—(£}
dx A% dy 4 Al L1b
si-(5)
d 1
and in the correct form g Al 1.1b
de  24/16-x
)
(7 marks)
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June 2018 Question 5 Paper 1

5. Given that

show that

3sinf T 3
y=-—- __.;:H -
2sinf + 2cosd 4 4

dy A 3
dy__4_ ELPPIE.
d#? 1+ sin26 4 4

where A is a rational constant to be found.

< B\z/ | /J>

(5)
ANSWER
Question Scheme Marks | AOs
5
dy (2sin@+2cos@)3cos@—3sin@(2cos @ —2sind) Ml I.1b
— Al 1.1b
de (2sin@+2cos )’
Expands and uses sin” @+ cos” @ =1 at least once in the numerator or the
denominator " M 3 1a
oruses 2sinfeos@=sin2f in = & :
dg .....Csmé8cosé
Expands and uses sin” &+ cos” @ =1 the numerator and the denominator
; M1 21
AND uses 2sinfcos@=sin2f in = d—J = L
dd Q+Rsin26
Y3 5 Al | Lib
df 2+2sin2¢ 1+sin26
(5 marks)
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June 2018 Question 9 Paper 1

North
V4

» East

(D

Figure 4
Figure 4 shows a sketch of the curve with equation x* — 2xy + 3" = 50

(a) Show that & e Ani.2
dx 3_]? - X (4)

The curve is used to model the shape of a cycle track with both x and y measured in km.

The points P and Q represent points that are furthest west and furthest east of the
origin (), as shown in Figure 4.

Using part (a),

(b) find the exact coordinates of the point P.

(3)

(c) Explain briefly how to find the coordinates of the point that is furthest north of the
origin (). (You do not need to carry out this calculation).

1)
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ANSWER
Question Scheme Marks AOs
9 .
@ Either 3y2 — Ay% or 2xy — 2x%+ 2y M1 2.1
dy dy
2x-2x—-2y+6y—=0 Al 1.1b
x—2x =2y +6y -
dv
(6}1—2x}£=2y—2x Ml 2.1
dp 2y-2x y-x .
dv 6y-2x 3y-x Al .16
4)
(b) dy
At Pand Q — — o= | Deduces that 3y—x=0
dx M1 2.2a
Solves ¥ = %x and x* —2xy+3y" =50 simultaneously M1 3.la
5
= x=(+)53 OR :>y=(i)§vr?: Al 1.1b
. 1
Using y=3x —x=.. AND y=. dM1 1.1b
T
P=[—5J_,—§J§] Al 2.2a
(5)
(c) Explains that you need to solve y =x and x* —2xy+3y* =50 Bl 24
simultaneously and choose the positive solution '
(1)
(10 marks)
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June 2018 Question 9 Paper 2

9. Given that § is measured in radians, prove, from first principles, that

i(casﬁ) = —sinf
da-

sinh cosh — 1
You may assume the formula for cos(4 £ B) and thatas h — 0, sm — | and cosh -0
(5)
ANSWER
Question Scheme Marks | AOs
9 i{c:m-;l‘;i):—simé"; as h—)(],ﬂ—:rl and 1710
de h
cos(f + :f:] —cosf B1 21
[
_ cos@cosh — sin@sin h—cos 0 Ml 1.1b
B h Al I.1b
=— sk sinf + [th_ I ]cosﬁ
h h
As h—>0, —Sinhsinﬂ +£Cosf_l]cosf? —» —1sin@+Ocos & dM1 2.1
1
S0 i(-.:-:)515‘)=—sim§‘ * Al* 2.5
deg
(5)
(5 marks)
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June 2018 Question 14 Paper 2

14. A scientist is studying a population of mice on an island.

The number of mice, N, in the population, f months after the start of the study, is
modelled by the equation

900

N=————, teR, t20
34+ TE_H'_SJ
(a) Find the number of mice in the population at the start of the study.
(8)]
dv . . dN  N(300-N
(b) Show that the rate of growth — is given by — = NGO - )
dr dr 1200 )
The rate of growth is a maximum after 7 months.
(c¢) Find, according to the model, the value of T.
4)
According to the model, the maximum number of mice on the island 1s P.
(d) State the value of P.
(1)
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ANSWER
Question Scheme Marks | AOs
T T N
14 N :ﬂ_,q =9003+7e ™) tek,1=0; dv _ N@300—N)
3+ T7e " dr 1200
(a) 90 B 3.4
a)
7 i ~0.25¢ M1 2.1
(b) WV _ 00003+ 76025y (7(-0.25) ) {: S0025XT)e” }
Way 1 dr (3+Te ™) Al 1.1b
' 3
900(0.25) [900 -3
dv N )
- = 3 dM1 2.1
a (2]
N
correct algebra leading to N _NCO-N) -, Al* 1.1b
di 1200
@
; C 0.251 M1 2.1
B V0034 7e 0y (7(-0.25)%) {: ALl 0.8 }
Way 2 de (3+7e") Al I.1b
900 (300900
NBOO-N) | 347¢ "% 3+7e % dM1 2.1
1200 1200
1575¢ "
= Az €
(3+7e ")
N 0251 -0.25¢
RHS = 900(300(3+7e “}—qQO(}] _ 1575¢ e Al* 1 1b
120003 + 7e "#)? (3+7e 5
dV NGO -N
and states hence IZ(ITO) (or LHS =RHS) *
)
(c) Deduces N =150 (can be implied) Bl 2.2a
s0150= 20, goasr 3 M1 3.4
3+7e 7
T 4[11[§J or T'=awrt 3.4 (months) dM1 I.Tb
7 Al 1.1b
4)
(d) either one of 299 or 300 Bl 34
)
(10 marks)
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June 2018 Question 1 Core 3

1. Given y=2x(3x— 1),

(a) find 3}', giving your answer as a single fully factorised expression.

X

(4)
(b) Hence find the set of values of x for which d <0
dx 2
(2)
ANSWER
?Ju;;‘ti)g: Scheme Marks
1(a) | y=2xGx=1"= % =2(3x—1)> +30x(3x-1)* MIAL
dy 4 4
:[a]ﬂ{ax—n {Bx=1)+15x} =2(3x=1)" (18x—1) MIALI
“4)
(b) @<0=>2(3r—1)4(18x-1)<0=>r<L x=1 Blft, Bl
de ’ I T 3 ’
(2)
(6 marks)

Aroncha Ruiz
Copyr‘iah-# 2023 © Better your Maths

171




Ch. 10: Numerical Methods

June 2024 Question 6 Paper 2

6.
_y Y
= filx
S y=g)
0 X
Figure 1
Figure 1 shows a sketch of the curves with equations y = f(x) and y = g(x) where
fy=e" ' x>0
g(x)=8Inx x>0
(a) Find
(1) f'tx)
(11) g'(x)
(2)
Given that f'(x) = g'(x) at x = a
(b) show that a satisfies the equation
4x* + 2Inx —1=10
(2)
The iterative formula
| -2Inx,
T Bl e E—
‘d 4
is used with x = 0.6 to find an approximate value for
(c) Calculate, giving each answer to 4 decimal places,
(1) the value of x,
(ii) the value of «
3)
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ANSWER
Question Scheme Marks | AOs
6(a)i) : =
(f'(x)=)8xe""" oreg. % e Bl 1.1b
¢
(i) {g,’(:r)=)§ ore.g. 8x ' oe Bl 1.2
x
2)
(b) t-‘sxe“"":l=§:,=-fe:“:'=i‘,_::»4x"'—l=lni2 M1 1.1b
X X X
3 1 3
4x* —1=In— = 4x> —1=-21
X n x_, = 4Xx nx A] * 2]
=4x" +2Inx—1=0*
(2)
(e)(i) X, =06=x, = i% M1 1.1b
(x,=)0.7109 Al | L1b
Bl
(ii) (@ =)0.6706 “;‘1 1.1b
n
¢PEN)
3)
(7 marks)
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June 2024 Question 3 Paper 1

3.

f(x)= x+ lan[l_rJ T<x < 3
2 2

Given that the equation f(x) = 0 has a single root a

(a) show that ¢ lies in the interval [3.6, 3.7]

(2)
(b) Find f'(x)
(2)
(c) Using 3.7 as a first approximation for a, apply the Newton-Raphson method once to
obtain a second approximation for a. Give your answer to 3 decimal places.
(2)
ANSWER
Question Scheme Marks AOs
3
@) {f(3_6) =} 3.6+tan(%(3.6)} =-0.686... <0
and M1 1.1b
{f(3.7)=} 3.7 +lan{%{3.?)) =0.211...>0
Change of sign and function is continuous in the interval Al* 24
=>conclusion e.g. “there is a root in [3.6, 3.7]" * '
(2)
(b) I 2 (1
Use of tan Ex —...s€c EI M1 1.1b
{f'(x)=} lJrlsec:2 lx Al 1.1b
2 2 )
(2)
© 3.7 +tan [%{3.?’)]
Attempts 3.7 - ] 1 =..
|1] - il 3? " Ml llb
+- > sec (2( ))
(N.B. f(3.7)=0.211... and f'(3.7)=7.58...)
a = awrt 3.672 Al 1.1b
(2)
(6 marks)
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June 2023 Question 15 Paper 1

15. A curve has equation y = f(x), where

7xe™

() = e n{2
(x) m X > n‘\/_

(a) Show that

_ 7" (€ (2-x) + Ax + B)

£'(x) :
2(¢* - 2)2

where 4 and B are constants to be found.

()

(b) Hence show that the x coordinates of the turning points of the curve are solutions of
the equation

2¢" — 4
x = 3x
e’ +4
(2)
zc3x

207 -4 has two positive roots a and f where f > a

The equation x =
e +4

A student uses the iteration formula

C2e" -4
n+l e3x" L4

in an attempt to find approximations for e and S
3x

Diagram 1 shows a plot of part of the curve with equation y = a2 and part of the
line with equation y = x ¢
Using Diagram 1 on page 42

(c) draw a staircase diagram to show that the iteration formula starting with x =1 can
be used to find an approximation for #

(1)
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Use the iteration formula with x, = 1, to find, to 3 decimal places,
(d) (1) the value of x,
(i1) the value of f

3)
Using a suitable interval and a suitable function that should be stated
(e) show that a = 0.432 to 3 decimal places.
2)
Only use the copy of Diagram 1 if you need to redraw your answer to part (c).
VA VA
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
' | ' [
I | . I 1 .
of '« p x A h !
Diagram 1 copy of Diagram 1
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ANSWER
Question Scheme Marks AOs
15(a) Lxet +...e’ M1 1.1b
}'c(xe"+c") Al 1.1b
1
i( e‘x—z):lme“(e"-‘—z)z Bl | LIb
dx 2
L3 3 L
3x 2 man Xogmgn gy n = mdn e 3x 2.,mnan x
(f'(x)_) (e =2)2("7"xe" +"7"e") > e (e =2) 2x"7"xe dM1 21
e -2
Te* (e (2-x)—4x-4
f'(x)= ( 3 ) Al 1.1b
2(e* -2)?
(©)
(b) e"(2-x)—4x-4=0=x(.eM . )=+ M1 1.1b
"
g2 4, Al* | 2.1
e’ +4
2)
(c) Draws a vertical line X =1 up to the curve then across to the line y =x
then up to the curve finishing at the root (need to see a minimum of 2 Bl 2.1
vertical and horizontal lines tending to the root)
(M
(d)(i) 3_
% =241 5017756... MI | 11b
e +4
x, =awrt 1.502 Al 1.1b
(ii) £ =1.968 dB1 2.2b
3)
(e) 2¢” -4
h(x)="5—"—
=g Ml | 3.la
h(0.4315)=-0.000297...  h(0.4325)=0.000947...
Both calculations correct and e.g. states:
e There is a change of sign
oo . Alcao 2.4
e ec.g f'(x) 1s continuous
e a=0.432 (to 3dp)
)
(13 marks)
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June 2023 Question 5 Paper 1

5. A continuous curve has equation y = f(x).

The table shows corresponding values of x and y for this curve, where @ and b
are constants.

X 3 3.2 34 | 36 | 3.8 +

y a 16.8 b 20.2 | 18.7 | 13.5

The trapezium rule is used, with all the y values in the table, to find an approximate area
under the curve between x =3 and x =4

Given that this area i1s 17.59

(a) show that a +2b=751
3)

Given also that the sum of all the y values in the table is 97.2

(b) find the value of @ and the value of b
3)
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ANSWER
Question Scheme Marks AOs
5(a) h=0.2 Bl 1.1b
%x"O.Z"x{a+13.5+2(16.8+b+20.2+18.?)}=17.59 Ml 1.1b
eg. > a+13.5+2b+111.4=1759= a+2b=51* Al* 2.1
3)

(b) a+168+b+202+18.7+13.5=972>a+b=28=>a=..(or b=.. Ml 3.1a
a=5o0rb=23 Al 1.1b
a=5 and b=23 Al 1.1b

3)
(6 marks)
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June 2022 Question 6 Paper 2

Figure 2

Figure 2 shows a sketch of part of the curve with equation y = f(x) where

f(x)=85in[%x)—3x+9 x>0

and x is measured in radians.
The point P, shown in Figure 2, is a local maximum point on the curve.
Using calculus and the sketch in Figure 2,

(a) find the x coordinate of P, giving your answer to 3 significant figures.

(4)
The curve crosses the x-axis at x = e, as shown in Figure 2.
Given that, to 3 decimal places, f(4)=4.274 and f(5)=-1.212
(b) explain why & must lie in the interval [4, 5]

(1)

(c) Taking x, =35 as a first approximation to a. apply the Newton-Raphson method once
to f(x) to obtain a second approximation to a.

Show your method and give your answer to 3 significant figures.

(2)
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ANSWER

Question Scheme Marks | AOs
6(a) , 1 M1 1.1b
(f'(x) —)4-;05[51]—3 Al L1b
Sets fr(_T)=4UUS(%_T)—3={]:>.T= dM1 3.1a
x=14.0 Cao Al 3.2a

(4)
(b) Explains that f(4) >0, f(5)<0 Bl 24

and the function is continuous '
(1)
(c) . 8sin2.5-15+9
Altempts X, =3 =~ 353" ML | Lib
(NB £(5)=-1.212... and f'(5)=—6.204...)

x, =awrt 4.80 Al 1.1b

(2)

(7 marks)
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November 2021 Question 4 Paper 1

4. The curve with equation y = f(x) where
f(x)=x"+In(2x* —4x + 5)
has a single turning point at x = a
(a) Show that & is a solution of the equation

X —=dx*+Tx—-2=0
(4)

The 1terative formula
1
X = E (2+ 41'"2 - 21'”3)

1s used to find an approximate value for a.

Starting with x =0.3

(b) calculate, giving each answer to 4 decimal places,
(i) the value of x,

(i1) the value of x,

3)
Using a suitable interval and a suitable function that should be stated,

(c) show that a 1s 0.341 to 3 decimal places.
(2)
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ANSWER
Question Scheme Marks AOs
4(a) . 4x—4 M1 1.1b
f =2x+—"—
(x) =2 s e+ s Al | Llb
2x+%:ﬂ:2x[2xz—4_r+5)+4_1'—4:ﬂ dM1 | Llb
2x7 —4x’ +Tx—2=0% Al* 2.1
4)
® %, :%(2+4{0.3]3—2(0.3)S) Ml | LIb
x, = 0.3294 Al 1.1b
(i1) x, =0.3398 Al 1.1b
3)
(¢) h(x)=2x"—4x" +7x-2
M1 3.1
h(0.3415)=0.00366...  h(0.3405)=-0.00130... ?
States:
e there is a change of sign
oY : Al 2.4
o f'(x) is continuous
o ¢=0.3411to03dp
(2)
(9 marks)
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November 2020 Question 7 Paper 2

Figure 1
Figure 1 shows a sketch of the curve C with equation

‘ 4x2+x_4l >0
y= . nx X

(a) Show that

dy 127+ x - 16Vx

dx dxx
(4)
The point P, shown in Figure 1, is the minimum turning point on C.
(b) Show that the x coordinate of P is a solution of
2
(4 _Nx)
x=[2 X2
3 12
3)
(c) Use the iteration formula
2
L
37 1 with x, =2
to find (i) the value of x, to 5 decimal places,
(11) the x coordinate of P to 5 decimal places.
3)
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ANSWER
'?.
(@) Inx >~ Bl I.1a
X
‘ o 4AxT +x
Method to differentiate — s¢e notes M1 1.1b
2x
1 1
E-g-in:r:-r——x—xl Al 1.1b
2 22
dy 1 4 12x°+x—16J/x
=3Jx + -——= Al* 2.1
4x x 4x~x
(4)
(b) 12X + x—16/x =0=12x" +x' =16 =0 Ml 1.1b
3
Eg 12x2=16-+x dMl1 1.1b
LI O R Al* 21
3 12 3 12
(3)
() !
X, = {i—ﬂl M1 1.1b
: 3 12
x2 = awrt 1.13894 Al 1.1b
x=1.15650 Al 2.2a
(3)
(10 marks)
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June 2019 Question 11 Paper 2

11.

L

=V

Figure 8

Figure 8 shows a sketch of the curve C with equation y = x*, x > 0
(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

The point P(a, 2) lies on C.
(b) Show that 1.5<a< 1.6

A possible iteration formula that could be used in an attempt to find « is

x ,=2x"%

n+l "

Using this formula with x = 1.5

(¢) find x, to 3 decimal places,

(d) describe the long-term behaviour of x

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
11 (a) {yv=x"=} Ihy=xlnx Bl l.1a
Way 1 1 dy M1 1.1b
——=l+Inx
ydx Al 2.1
dy X
—=0=; —“+Ilnx=0 or l+Inx=0 =>hx=k=x=.. M1 1.1b
dx X
x=e¢' or awrt 0.368 Al 1.1b
Note: k=0 )
(a) {y=x" =} y=e™ Bl l.1a
Way 2 dv (x xinx M1 1.1b
—=|—+Inx e
de \x Al 2.1
dy X
—=0=; —+lnx=0 or l+Inx=0=hx=k =x=.. M1 1.1b
dx x
x=¢' or awrt 0.368 Al I.1b
Note: k=0 (5)
(b) Attempts both 1.5"° =1.8... and 1.6'° =2.1... and at least one result is M1 1 1b
Way 1 ; .
ay correct to awrt | dp
1.8...<2 and 2.1...> 2 and as (' 1s continuous then 1.5<a <1.6 Al 2.1
2)

() Attempts x,,, =2x,' ™ at least once with x, =1.5 M L1b
Can be implied by 2(1.5)""* or awrt 1.63 )
{x,=167313...=} x,=1.673(3dp) cao Al 1.1b

| @)

() Give 17 B for any of Give B1 BI for any of ”

» oscillates ¢ periodic {sequence} with period 2 Bl 2.5
¢ periodic e oscillates between | and 2
* non-convergent Condone B1 B1 for any of
» divergent o fluctuates between | and 2
o fluctuates * keep getting 1, 2 BI 25
» goes up and down » alternates between | and 2 -
e [.2.1,2,1.2 ¢ goes up and down between 1 and 2
o alternates (condone) e 1,2,1,2,1,2,...

(2)

(11 marks)
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June 2018 Question 4 Paper 1

4. The curve with equation y = 2In(8 — x) meets the line ¥ = x at a single point, x = a.

(a) Show that 3 < a < 4

(2)
VA
y=x
T
y=2In(8 — x)
T >
0 4 \ .
Figure 2
Figure 2 shows the graph of y = 2In(8 — x) and the graph of y = x.
A student uses the iteration formula
x ,=2In8-x), neN
in an attempt to find an approximation for a.
Using the graph and starting with x = 4
(b) determine whether or not this iteration formula can be used to find an approximation
for a, justifying your answer.
(2)
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ANSWER
Question Scheme Marks AOs
4 (a) Attempts f(3)= and f(4)= where f{x}:i(Zhl(S—x)—x) M1 2.1
f(3)=(2In(5)—x) =(+)0.22and f(4)=(2In(4)-4)=-1.23
Al* 24
Change of sign and function continuous in interval [3,4] = Root *
(2)
(b) For annotating the graph by drawing a cobweb diagram starting at
. M1 24
x, =4 Tt should have at least two spirals
Deduces that the iteration formula can be used to find an approximation
: : . Al 22a
for & becausc the cobweb spirals inwards for the cobweb diagram
(2)
(4 marks)
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June 2018 Question 5 Paper 2

5. The equation 2x* + x” — 1 = 0 has exactly one real root.
(a) Show that, for this equation, the Newton-Raphson formula can be written

4x": +x?+1
x —= ¥ 1]
i 6x? + 2x

3)
Using the formula given in part (a) with x, =1
(b) find the values of x, and x,
(2)
(c) Explain why, for this question, the Newton-Raphson method cannot be
used withx, =0
1)
ANSWER
Question Scheme Marks | AOs
5 The equation 2x” + x* —1=0 has exactly one real root
(a) {f{x)=2x‘+x3—1:>} f'(x)=6x" +2x Bl 1.1b
f(x ) 2x +x? -1
x =x —2- =l ly l=y = 8 M1 1.1b
{ ntl n '- (_T.'") } { u-l} n 6I"_ +23{‘"
x (6x7+2x )~ (2x +x 1) 4x 4 x?+1
= M H 1] H ;] :} = M - i #* AI E 2.]
6)‘.'”2 + qu x"+l 63’{ + 21'"
q 3)
1) +(1)° +1 2(1) +(1)* -1
(b) =1y =202 20D ] Ml | Llb
: 6(1)" +2(1) : 6(1)° +2(1)
2
:x,zg, X; == Al 1.1b
-4 3
2)
(c) Accept any reasons why the Newton-Raphson method cannot be used
with x, =0 which refer or allude to either the stationary point or the
tangent. E.g.
o There is a stationary point at x =0 Bl 23
e Tangent to the curve (or y=2x" +x° —1) would not meet the x-axis
 Tangent to the curve (or y=2x" +x° —1) is horizontal
(1)
(6 marks)
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June 2018 Question 4 Core 3

4. VA
Not to scale
C
{
0 Y
4 B
Figure 1

Figure 1 shows a sketch of part of the curve C with equation
y=e>+x*-3

The curve C crosses the y-axis at the point A.

The line / is the normal to C at the point 4.

(a) Find the equation of /, writing your answer in the form y = mx + ¢, where m and ¢ are

constants.
(3)
The line / meets C again at the point B, as shown in Figure 1.
(b) Show that the x coordinate of B is a solution of
X = ,f1+l:vc—e‘2”r
2
(2)
Using the iterative formula
X . = \/l+lx — e 2%
n+ 2 ]
with x, =1
(c) find x, and x, to 3 decimal places.
(2)
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ANSWER
Question
Number Scheme Marks
4.(a) W o 2% 4oy MI1ALl
dx
dy de 1
At x=0 —=-2=3—=—
X i =>dy > M1
1 1
Equation of normal is y—(—2)=§(x—0)=>y=§x—2 M1 Al
)
—2x, 2 1 2% 2 wl "
(b) y=e <" +x°—3 meets y=5x—2 when ¢ " +x"-3= Ex—l
1
X =leoy—e M1
2
x=,’1+lx—e-2x * Al*
2
(2)
© | =fiv05-c2 M1
x, =1.168, x, =1.220 Al
(2)
(9 marks)
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Ch. 11: Integration

June 2024 Question 12 Paper 2

in partial fractions.

12. (a) Express 72—
V(2s-v
(25-7) 2)
The volume, J microlitres, of a plant cell ¢ hours after the plant is watered is modelled
by the differential equation

LA iV{zs -V)
de 10

The plant cell has an initial volume of 20 microlitres.

(b) Find, according to the model, the time taken, in minutes, for the volume of the plant
cell to reach 24 microlitres.

(5)
(c) Show that

A

—kt

V = —/————
e + B

where 4, B and k are constants to be found.

3

The model predicts that there is an upper limit, L microlitres, on the volume of the
plant cell.

(d) Find the value of L, giving a recason for your answer.

(2)
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ANSWER
Question Scheme Marks AOs
12(a) 1 L %
=—+
V2s-v) v 25—V
eg 1=P(25-V)+QV ML LIb
V=0or V=25 leadingto P=...orQ=...
1 1 1
V(25—V) 25V ' 25(25-V) Al Lib
(2)
o S S N — N T ) Ml | 3.1
Way 1 V(25-7) 251 25(25-¥) 25 25 o
1 1 1
—InV——In(25-V)=—t(+c
55V -o¢ n( ) ]GI(-H_] Alft | 1.1b
t:O,V:2[]:?-2—1517120—2—151n[25—2ﬂ]:c[::ac:2151n4] M1 34
2 2 2
V:Z4::-;‘:Eln24—§|n[25—24)—51n4 dM] 3]b
=43 (or exact 24In6) Al 32a
()
Cc
(©) Ly —Lin(2s—1)=LrrLing
25 25 10 25
InV =In(25-V)=2.5t+In4 M1 21
V V
In—— =25 T _gu
"a(2s-v) T T a(as o)
=V =4 (25-V )=V +41e™™ =100e*™ =V = .. M1 2.1
25
—p o 00 100 Al | 11b
l+4e™ e +4
3)
(d) 25 (microlitres) Bl 2.2a
Sincee.g. As t swx, e ' =0 Bl 24
2)
(12 marks)
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June 2024 Question 11 Paper 2

11.
VA

Figure 5

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 5 shows a sketch of part of the curve € with equation
y — sze—J_f x ;; {)

The finite region R, shown shaded in Figure 3, is bounded by

« the curve C

* the line with equation x = 1

« the x-axis

Find the exact area of R, giving your answer in the form
A+Be’

where A4 and B are rational numbers to be found.

(5)
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ANSWER
Question Scheme Marks AOs
11 8’ 16x MI 2.1
_2 3ix —__= 3x il _udx .
J.Bvce dx 3 e +I 3 e Al L 1b
sz Ty ]6‘x Ix ]6 Ix
=——e '——e "+ |—e "dx dM 1 1.1b
3 9 9
[_g o l6x o, 16 }
3 ? 27 0 M1 2.1
=—§e3—ﬁej—ﬁe‘—(—ﬂ—0—EJ
3 9 27 27
16 136
=—-— Al 1.1b
27 27
(5)
(5 marks)
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June 2024 Question 14 Paper 1
14. A balloon is being inflated.

In a simple model,
» the balloon is modelled as a sphere

+ the rate of increase of the radius of the balloon is inversely proportional to the
square root of the radius of the balloon

At time ¢ seconds, the radius of the balloon is rem.

(a) Write down a differential equation to model this situation.

At the instant when 7= 10
 the radius is [6cm
« the radius is increasing at a rate of 0.9cms '

(b) Solve the differential equation to show that

[

r2 =54t +10

(c) Hence find the radius of the balloon when ¢ = 20

Give your answer to the nearest millimetre.

(d) Suggest a limitation of the model.
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ANSWER
Question Scheme Marks AOs
e 3 o |
dr Jr -
(1)
(b) k
09=—=k=306 Bl 34
J16
IJF dr = j"3_6"dr = Ml 2.1
2 3
Erf ="3.6"t {+c} Al 1.1b
2 3
r=10,r=16:>§x162=3.6><10+c:>c=... dM1 34
Fi=541410 * AL 1.1b
(5)
©) 1=20=> r=(54(20)+10) = M1 34
r=24.1cm Al 1.1b
(2)
(d) (The model will not hold indefinitely as) the balloon may burst Bl 3.5b
(1)
(9 marks)
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June 2024 Question 13 Paper 1

13. (a) Given that a is a positive constant, use the substitution x = asin’# to show that
p

a

L el E 2
x*ya—-x dx = l.c;f“J.zsin“ZzE? do
0

2 Jo
@
(b) Hence use algebraic integration to show that
a L 5
x*ya - x dx = kna®
0
where £ is a constant to be found.
)
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ANSWER
Question Scheme Marks AOs
b x=asin:-5':>3=2asin9cos€ Bl 1.1b
dg
1
szxia—xdx:jvlasinﬁ a—asin’ @ x2asin@cosO{do} M1 2.1
:J.JEsinﬂ\,Gcost?ansinﬂcosﬂdB:Zalv[sinzﬂcosz9d6‘
2 dMI | 3la
=2a:J.(lsin26'J dé
2
Replaces or considers limits {x=0=}6=0, {x=a=}0 =%
- ALY | LIb
=—a:jzsin226d9 *
2 i)
)
b i _
®) _[ sin“ZHdH—»...I wde M1 1.1b
g 1 .
— .| ———sin4d MI 2.1
(2 8 ) ‘
-2 H I
U sin 29{16‘—}5 H—Esmfif? Al 1.1b
a | )
x2Ja—xdx =a—[£—0—0)=lﬁal Al 1.1b
) 42 8
4)
(8 marks)
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June 2024 Question 7 Paper 1

_________ Diagram not drawn to scale.

1.5m

Figure 2

Figure 2 shows a cylindrical tank of height 1.5m.
Initially the tank is full of water.
The water starts to leak from a small hole, at a point Z, in the side of the tank.

While the tank is leaking, the depth, /7 metres, of the water in the tank is modelled by
the differential equation

i _ —0.12¢70%
ds

where ¢ hours is the time after the leak starts.

Using the model,

(a) show that
H=A4c""+B

where A4 and B are constants to be found,

(3)
(b) find the time taken for the depth of the water to decrease to 1.2m. Give your answer
in hours and minutes, to the nearest minute.
3)
In the long term, the water level in the tank falls to the same height as the hole.
(¢) Find, according to the model, the height of the hole from the bottom of the tank.
(2)
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ANSWER
Question Scheme Marks AOs
7(a) {H =}0.6e " {+c} Ml I.1b
(=0H=15=15="06"+c¢
dM1 34
=c¢=09
= H =06e """ +09 Al 2.1

(3)

(b) 12=0.6e""+09=0.6e"" =03 M1 3.4
—{).2¢ _ l
2
1 dM1 1.1b
=1=-5In| =
3)

{r =} 3hours 28 minutes Al 32a

3)
() {As t gets large H —} 0.9 MI 3.1b
0.9 m or 90 em Alft 2.2b

(2)

(8 marks)
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June 2023 Question 13 Paper 2

13. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Find the first three terms, in ascending powers of x, of the binomial expansion of
B+x)°

writing each term in simplest form.

4

(b) Using the answer to part (a) and using algebraic integration, estimate the value of

0.4 6.\:

(3 + x)’

02

giving your answer to 4 significant figures.

“4)

(c) Find, using algebraic integration, the exact value of

0.4
6x

3+ x)°

0.2

giving your answer in the form alInbd + ¢, where a, b and ¢ are constants to
be found.

C)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
13(a) Y
3"[1+§] =3'2(l+...x+‘.‘x2) M1 1.1b
(-2)(5] or w(f] M1 | Lib
3 2! 3
-2 2
[1+i] :1+(—2)(i]+(‘2’(‘3)[i] Al | Lib
3 3 21 3
3'2[1+1J 1 2 X Al 2.1
3 9 27 27
4
(b) 1 2x ¥ 2x 4yt 2%
6 LUl - “dXZ - __- = d =...
J” {9 27 27 3 9 9 ) ML) LI
3 9 9 327 18 '
{,,x- 4x +x"} =[(0.4)- _404)° | (04) }_((0.2)- 4027 (02) ] aM1 | 31a
3027 18 |, 3 27 18 3 27 18
=awrt 0.03304 or 223 Al 1.1b
6750
4)
(©) Overall problem-solving mark (see notes) M1 3.la
34 _ 34 1
u:3+x:>j3'4f(u)d:::>f 6(u—,3)du: E— {',gdu:>...lnr,‘r+...u'1 M1 1.1b
32 32 u 2 U U
34 34
j 6(;:1—3) du = E—Edu36lnu+18u'] Al 1.1b
32 W s U U
[slnuusw]“: 634+ |- 6m32+|< . ddM1 | 1.1b
12 34 32
17 45
6ln| — |- — Al 2.1
(16] 136 °°
(5)
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June 2023 Question 11 Paper 2

11.

v

< 20m
Figure 1
A tank in the shape of a cuboid is being filled with water.

The base of the tank measures 20m by 10 m and the height of the tank is 5 m, as shown
in Figure 1.

At time 7 minutes after water started flowing into the tank the height of the water was
hm and the volume of water in the tank was V'm’

In a model of this situation

* the sides of the tank have negligible thickness

« the rate of change of V' is inversely proportional to the square root of /4

(a) Show that

d_ L
dt Jn
where 4 is a constant.
3)
Given that
« initially the height of the water in the tank was 1.44m
+ exactly 8 minutes after water started flowing into the tank the height of the water
was 3.24m
(b) use the model to find an equation linking 4 with ¢, giving your answer in the form
3
h* = At + B
where 4 and B are constants to be found.
)
(c) Hence find the time taken, from when water started flowing into the tank, for the
tank to be completely full.
(2)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
(@) i—200 oe e.g. dh L B1 1.1b
dh 200
dh dh dV k
[E Jdl dr 200 Jh Mi 3.1a
dh_i *
T Al* 2.1
3)
(b) dh A 1 3
E:W:Ik- dh=[Adt=..h* = At {+c| M1 1.1b
2 n_ Al | L1b
;h =At{+c} oee.g. T = At{+c} .
2
3(1 44y = Ax0+c el 152[ 144} M1 | 34
125
—(324) =Ax8+"1.152"= 1= 0342{ ;38} ddM1 3.1b
3 3
h? =0513t+1.728 o€ e.g. pr=213,, 216 Al 3.3
1000 ]25
(5)
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June 2023 Question 10 Paper 2

10 fx) = 18 here k i it tant
- - W ~J ~ \l; -~
x+ dx_2) ere k is a positive constan
(a) Express f(x) in partial fractions in terms of 4.
3)
(b) Hence find the exact value of & for which
|
| £ dx=21
4)
ANSWER
Question Scheme Marks | AOs
10(a) . 3kx—18 A B
g = 3kx—-18=A(x-2)+B 4
£ (x+4)(x—2) x+4 x-2 (x=2)+B(x+4)
or B1 1.1b
3kx—18 A B
= 3kx—18= 4 4)+B(x-2
(x+4)(x—2] x—2+x+4:> (x+ )+ (x )
6k—18=6B=B=... or —12k—18=-6A4A= A=...
or
3oc—18=(A+B)x+4B-24= A+ B =3k, —18=4B-24 ML LB
= A=... or B=..
2k+3 k-3
) +x—2 Al 1.1b
3)
(b) " " " _ "
J-( 2%+3"  "k-3 de:...ln(x+4)+...]n(x—2) M1 | 12
x+4 x—2
("2k+3")In(x+4)+("k —3") In(x—-2) Alft | 1.1b
("2k +3")In(5) — ("k —3")In(5) = ("k+6") InS =21 = k = ... dM1 | 3.1a
21
k=)""—6
(k=) % Al |22a
4)
(7 marks)
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June 2023 Question 5 Paper 2

5. The curve C has equation y = f(x)

The curve

+ passes through the point P (3, —10)

* has a turning point at P

Given that

Q:z_x-‘-t;-x? +5x+k
dx

where k is a constant,

(a) show that k=12

:BW‘:/J/J>

(2)
(b) Hence find the coordinates of the point where C crosses the y-axis.
3)
ANSWER
Question Scheme Marks AOs
S(a) 3 2
23y -93)"+53)+k=0=k =... M1 1.1b
54-814+15+k=0=k=12% or —124k=0=>k=12% Al* 1.1b
(2)
(a) Alternative by verification:
23’ -9(3)* +5(3) +12=0 M1 1.1b
54—-81+15+12=0 Hencek=12% Al* 1.1b
(2)
(b) .[(2x3 —9x? +5x+l2)clx...x4 +.x0+.x7 . x+t. M1 3.1a
%(3)‘*—3(3)“+%(3)3+12(3)+c=—10:>c:... dM1 1.1b
(0, —28) Al 2.2a
3)
(5 marks)
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June 2023 Question 1 Paper 1

1. Find

writing each term in simplest form.

x2(2x - 5) dx

4)
ANSWER
Question Scheme Marks AOs
! 1 3 | : 2
! DL x3(2x-5) Ly
x*(2x-5)=..x7 +..x7 or = (; ) Ml 1.1b
3 1
207 % Al 1.1b
3 3
3 1
2 2 5 3
27 3 mxit.x? (+0) dM1 I.1b
3 3
5 3
T Al I.1b
15
“)
(4 marks)
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June 2022 Question 14 Paper 2

14. (a) Express 3 in partial fractions.
(2x — D(x + 1)
3)

When chemical 4 and chemical B are mixed, oxygen is produced.

A scientist mixed these two chemicals and measured the total volume of oxygen
produced over a period of time.

The total volume of oxygen produced, F'm’, ¢ hours after the chemicals were mixed, is
modelled by the differential equation

v 3y
dt =D +1)

where £ is a constant.

Given that exactly 2 hours after the chemicals were mixed, a total volume of 3m’ of
oxygen had been produced,

(b) solve the differential equation to show that
)

(t+1)
(3

The scientist noticed that

» there was a time delay between the chemicals being mixed and oxygen
being produced

» there was a limit to the total volume of oxygen produced
Deduce from the model
(c) (i) the time delay giving your answer in minutes,

(ii) the limit giving your answer in m’

(2)

Arancha Ruiz
Copyr‘iah-f 2023 © Better your Maths

210



:BV:/J/J>

ANSWER

Question Scheme Marks | AOs

14(a 3 A B
(@) -2 P 4= B=.. Ml | LIb

(2x-1)(x+1) 2x-1 x+1
Either 4=2 or B=-1 Al 1.1b
3 = 2 - 1 Al 1.1b
(2x=I)x+1) 2x-1 x+1 ’

(3)
(b)
J Ldi":-[ ; Bl l.1a
V (2t —1)(r +1)
2 D= m(2r-1) - n(e+1)(4c) Ml | 3.1a
20-1 t+1 '
InV =In(2r—1)=In(r+1)(+c) Alft 1.1b
Substitutes 1 =2,J"=3=c=(In3) M1 34
InV =In(2t-1)-In(r+1)+In3

. 3(2t-1) Al* 2.1

(r+1)

(5)
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June 2022 Question 5 Paper 2

5. The table below shows corresponding values of x and y for y = log, 2x

The values of y are given to 2 decimal places as appropriate.

X 3 4.5 6 7.5 9
¥ 1.63 2 2.26 2.46 2.63

(a) Using the trapezium rule with all the values of y in the table, find an estimate for

9
j log, 2x dx
3
(3)
Using your answer to part (a) and making your method clear, estimate
9
(b) (i) j log, (2x)" dx
3
9
(i1) J. log, 18x dx
3
(3)

Arancha Ruiz
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ANSWER
Question Scheme Marks AQOs
S(a) States or uses h=1.5 Bl l.1a
Full attempt at the trapezium rule
M1 1.1b
= 2{1.63+2.63+2x(2+2.26+2.46)|
2
=awrt 13.3 or% Al 1.1b
3)
(b)(i) !
-[ log, (2x)"” dr=10x"13.3"=awrt133 ore.g. % B1ft 2.2a
(ii) 9 9 9
.[ log 18x dx = j log, (9% 2x)dx = j 2+log,2x dx
3 3 3
9 " M1 3.1a
= [21:]} +-[ log 2xdx = 18—ﬁ+.[ log . 2xdx=...
1011
Awrt 25.3 .
w or —5 Alft 1.1b
)
(6 marks)
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June 2022 Question 16 Paper 1

16.

R

=Y

Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

. 5 . . T
x=8sin"f y=2sin2t+ 3sint 0<< E

The region R, shown shaded in Figure 6, is bounded by C, the x-axis and the line with
equation x =4

(a) Show that the area of R is given by

J (8 — 8cos4r + 48sin’ rcost)ds

i}

where g is a constant to be found.

()

(b) Hence, using algebraic integration, find the exact area of R.

(4)

Arancha Ruiz
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ANSWER
Question Scheme Marks | AQOs
16 (a) | Attempts
}-‘.d—r.:[ESin2!+3Sin.’]x165in.’cosr and uses sin2f = 2sin{cos{ M1 2.1
Correct expanded integrand. Usually for one of
(R)= | 48sin’ rcos+16sin’ 2¢
[R}:J 48sin’ rcost + 64sin’ rcos’ 1 dr Al L.1Ib
{R}:J 24sin2rsint +16sin’ 27 dr
Attempts to use cos4r:1—25in12.':(I—Rsinzrcoszr] M1 1.1b
R:rs—scosm+4gsin3:cos:dr . Al* | 21
]
Deduces a :% Bl 22a
(3)
b ) .
(b) j 8—8cos4r+48sin” rcost dr =8 —2sin4s +16sin” ¢ M 21
Al 1.1b
- M1 2.1
[s;—zsin4r+msin-‘:]: . YIUN,} R
4)
(9 marks)
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June 2022 Question 12 Paper 1

12. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Show that

cl
I Clnxdy =ae* + b
1

where ¢ and b are rational constants to be found.

()
ANSWER
Question Scheme Marks AQOs
12 . d_x41 £ ld
X' x! M1 I.1b
=g Inx—1z(+c) Al 1.1b
¢ X x# x4 ¢ en 5 ezs 14
: _| X 2| | = —— || —— M1 2.1
j-] X Inxdx 4_anr T 4lne T T
1
7 s 1
-lﬁe +llﬁ Al I.1b
(5)
(5 marks)
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June 2022 Question 4 Paper 1

6.3
4. (a) Express lim —Ox as an integral.
dr—l x

=21

:BV:/J/J>

(1)
(b) Hence show that
6.5
lim E gﬁ_r =Ink
dr— i) X
x=21
where £ is a constant to be found.
(2)
ANSWER
Question Scheme Marks AOs
4(a 6.3 .3
@ . 2 )
lim —dx = —dx Bl 1.2
=0 X . X
x=2.1 =1
(1)
(b) = [2Inx].} =21n6.3-2In2.1 M1 1.1b
=In9 CSO Al I.1b
(2)
(3 marks)
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November 2021 Question 11 Paper 1

11.

=Y

Figure 2

Figure 2 shows a sketch of part of the curve with equation
y=(lnx)" x>0

The finite region R, shown shaded in Figure 2, is bounded by the curve, the line with
equation x = 2, the y-axis and the line with equation x = 4

The table below shows corresponding values of x and y, with the values of y given to 4

decimal places.

X 2 2.5 3 3.5 4
¥ 0.4805 0.8396 1.2069 1.5694 1.9218

(a) Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 3 significant figures.

3)
(b) Use algebraic integration to find the exact area of R, giving your answer in the form
y= a(ln}l)l +bhIn2 +c¢
where a, b and ¢ are integers to be found.
)

Arancha Ruiz
Copyr‘iah-f 2023 © Better your Maths

218



ANSWER
Question Scheme Marks | AOs
11(a) h=0.5 Bl 1.1b
A:éx%{ﬂ_‘fw(}i+l.9218+2[U.8396+1.2069+1.5694)} M1 1.1b
=241 Al 1.1b
(3)
(b) 2 2 2Inx M1 3.la
I(Inx} dx = x(Inx) Ixx . dx Al 1 1h
= x[lnx}l —ZIln_\“ dx = x(In x)2 —2(_\"111_1"—J-dx)
. i dM1 | 2.1
=x(lnx)‘—2_[lnx dy=x(Inx) —2xInx+2x
4 2 El 4
L (Inx) dxz[x(]nx}' —2xInx+ 2.{1
=4(In4)"—2x4In4+2x4-(2(In2)" ~2x2In2+2x2) ddM1 | 2.1
=4(2In2) - 16 2+8-2(In2)’ +4In2—4
=14(In2)" ~12In2+4 Al | Llb
()
(8 marks)

Aroncha Ruiz

Copyr‘iah-# 2023 © Better your Maths

219



November 2021 Question 12 Paper 2

12. (a) Use the substitution # = 1 ++/x to show that

L&
X
_[J 1++/x

where p and ¢ are constants to be found.

(b) Hence show that

16
X
_L 1+x

where A and B are constants to be found.

Aroncha Ruiz
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ANSWER
Question Scheme Marks AOs
12(a)
u:1+\/;:>x:(u—l}2:>‘;£:2(u—l]
U '
or Bl 1.1b
d 1 —
u=1+x LT
x 2
x (u-1)
dx = 2{u—-1)du
J. I+J3_c u ( }
or Ml 2.1
! 2(u-1)
I al dx = x><2x%du.|‘ 2deI (” ) du
I+J; u u u
16 5 ( )3
X 2Hu-=1
dr = — du Al 1.1b
J. l+\/; J. u
i} 1
(3)
®) P 3w+ 3u—1 1 B
Zj‘ oz ou o du—2j (113—3u+3——]du:... M1 31a
u u
3 2
u  3u
=(2) ———+3u—-Inu Al 1.1b
() - }
5 3(5) [1 3 )
=2 ————"4+3(5)-In5—-| ——=+3—-1Inl dM 1 2.1
[3 2 {) 3 2
=¥—2[n5 Al | Lib
4)
(7 marks)
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November 2021 Question 14 Paper 2

14.

hmI Sm

T 4
Im

“ 8m

v

Figure 5

Water flows at a constant rate into a large tank.

The tank is a cuboid, with all sides of negligible thickness.

The base of the tank measures 8m by 3m and the height of the tank is Sm.
There is a tap at a point 7" at the bottom of the tank, as shown in Figure 5.

At time f minutes after the tap has been opened
+ the depth of water in the tank is # metres
+ water is flowing into the tank at a constant rate of 0.48 m* per minute

+ water is modelled as leaving the tank through the tap at a rate of 0.12m’ per minute

(a) Show that, according to the model,

dh
1200 — =24 —5h
dr
4
Given that when the tap was opened, the depth of water in the tank was 2m,
(b) show that, according to the model,
h=A+Be"
where 4, B and k are constants to be found.
(6)
Given that the tap remains open,
(c) determine, according to the model, whether the tank will ever become full, giving a
reason for your answer.
(2)
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ANSWER

Aroncha Ruiz

Question Scheme Marks AOs
14(a) dl::()_ﬁlg—lf}_lh Bl 3 1b
dV dh 1
V' =24h =24 OoF —=—
~ dh dr 24 Bl | 3.Ib
dh _dV _dh _0.48-0.1k
d¢ de dV 24
oreg. MI 21
dv _drdh _ gag_0.1n=249"
d¢ dh d¢ d¢
dh
12005224—5}1* Al* 1.1b
4
(b)
12009 — 24 s5n = | 22 g1~ | s
dr 24— 5h
= eg. aln(24-5h)=1(+c) oe
M1 3.1a
or
12009 _ 24 _ 55—, 4L _ 1200
dr dh  24-5h
= eg. t(+c)=aln(24-5h) oe
t =-2401n(24-5h)(+c) ce Al | Llb
f:O,h:2:>0:—2401n(24—10)+c:>c:___(2401nl4) Ml 3.4

Copyr‘iah-# 2023 © Better your Maths
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£ =2401n(14)-2401n (24 - 5h)

Al

14 ! 14 e 14
= =1In = e =
24 -5h 240 24 -5h 24 -5h

—14e ™ =24_5h=>h=_.

t=240In

ddM1

2.1

h=48-28oceg hzii_%e-ﬁ

Al

3.3

(6)

(c)

Examples:
i

e Astowme 0 ()

. Whunh>4.8,%<u
{

o Flowin=flowoutatmax hAso(0L.1h=48 2> h=48

e Ase ™ >0, h<48

h=35 a 0.02 or dk 1
. 1= — —— = —J. —_— e ——
dit dr 1200

ﬁ=G-::u*:c=4.8
de

¢ h=5—=48-28 T =5—=¢ %W =

Ml

3.1b

The limit for 4 (according to the model) 1s 4.8m and the tank
is 5m high so the tank will never become full
It & = 5 the tank would be emptying so can never be full
e The equation can’t be solved when £ =5

Al

32a

(2)

Video solution:

https://youtu.be/TNLQCDmMVgpM

Aroncha Ruiz
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https://youtu.be/TNLQCDmVqpM

November 2020 Question 8 Paper 1

8. A new smartphone was released by a company.

The company monitored the total number of phones sold, », at time ¢ days after the

phone was

released,

The company observed that, during this time,

Use this information to write down a suitable equation for n in terms of 7.

the rate of increase of n was proportional to »n

(You do not need to evaluate any unknown constants in your equation.)

(2)
ANSWER
Question Scheme Marks AOs
8 Any equation involving an exponential of the correct form. M1 31
See notes ’
n=Ae (where 4 and k are positive constants) Al 1.1b
(2)
(2 marks)
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November 2020 Question 10 Paper 1

10. (a) Use the substitution x =’ + 1 to show that

Im 3dx __J“ 6 du
S(x-up+zJ§fﬂ_'Pu@+2@

where p and ¢ are positive constants to be found.

4
(b) Hence, using algebraic integration, show that
JIIU 3 dx o
=Ina
s (r-1(3+2vx-1)
where ¢ is a rational constant to be found.
(6)

Aroncha Ruiz
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ANSWER
Question Scheme Marks AOs
10 (2) x=u" +1=>dx=2udu o€ Bl I.Tb
Full substitution 3dx 3 2u du
subs =017 M1 1.1b
(x=D)(3+2vx—1) J («’ +1-1)(3+2u)
Finds correct limitse.g. p=2,g=3 Bl 1.1b
_ | 3x2ddu bdu__ INE 2.1
;4’1'{{3+2:¢} u(3+2u)
&)
(b) 6 A B
—:—-I-—::)A:.....B:”.
u(3+2u) u 3+2u M -1b
C t PF 2 4 Al 1.1
orrect PF, ———=——
w(3+2u) uw 3+2u b
6 du dM 1 3.la
———=2Inu-2In(3+2 +c
J.u[3+21.':] nu-2n(@3+u) () Alft | LIb
Uses limits 1 ="3" » ="2" with some correct In work
. M1 l.1b
leading to kInb  E.g. {2]n3—2]n9]—[21n2—2]n?]:21n%
1n£ Al 21
36
(6)
(10 marks)

Video solution:

https://youtu.be/ts194ty27S8
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November 2020 Question 14 Paper 1

14. A large spherical balloon is deflating.
At time ¢ seconds the balloon has radius 7¢m and volume Fem’®
The volume of the balloon is modelled as decreasing at a constant rate.

(a) Using this model, show that

where & 1s a positive constant.
(3)
Given that
e the initial radius of the balloon is 40 cm
e after 5 scconds the radius of the balloon is 20cm
o the volume of the balloon continues to decrease at a constant rate until the

balloon is empty

(b) solve the differential equation to find a complete equation linking » and ¢.

3

(c) Find the limitation on the values of # for which the equation in part (b) is valid.

(2)

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOs
14 (a) Uses the model to state [11:1_1 = —¢ (for positive constant c) Bl 3.1b
I
Uses dr = ﬁ x d_r with their ﬁ = _cand dr = dar’
de dr dt ds dr M1 2.1
, dr dr c k
—c=4drr’x—=—=—-——=—-— % Al* 22
. dr dr dar- r ?
3)
b . : .
() a__ i — .[ ridr = I_kd ¢ and integrates with one side "correct" M1 21
de r- '
}_3
?=—kr{+a) Al 1.1b
Uses t=0,r=40= ¢z = ... a:64200 M1 1.1b
Uses t=5r=20& a=..=k=_. Ml 34
= 64000—-11200¢ or exact equivalent Al 33
(5)
(c) Uses the equation of their model and proceeds to a limiting value for ¢ M 14
Eg "64000-11200"...0=1... '
For times up to and including 40 seconds Alft 3 5h
7
(2)
(10 marks)

Video solution:

https://youtu.be/lvzf21s7C4E
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November 2020 Question 1 Paper 2

I The table below shows corresponding values of x and y for y = I al
+x
The values of y are given to 4 significant figures.
X 0.5 1 1.5 2 25

v | 05774 0.7071 0.7746 0.8165 0.8452

(a) Use the trapezium rule, with all the values of y in the table, to find an estimate for

J. 1+x

giving your answer to 3 significant figures.

3)
.5
. . 9x
(b) Using your answer to part (a), deduce an estimate for J‘ 1 dx
+ x
05
(1)
Given that
15
ox dx =4.535 to 4 significant figures
o5 I+ x
(c) comment on the accuracy of your answer to part (b).
(1)
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ANSWER
Question Scheme Marks | AOs
1(a) h=05 B1 1.1a
05,
,4r.u.7{{).5??4+{J.8452+2{(],?{}71+[l_??4(1+[],81ﬁ5}} M1 1.1b
=awrt 1.50 Al 1.1b
For reference:
The integration on a calculator gives 1.511549071
The full accuracy for y values gives 1.504726147
The accuracy from the table gives 1.50475
3)
(b) 3 x their (a)
It (a) 1s correct, allow awrt 4.50 or awrt 4.51 even with no working,
Only allow 4.5 if (a) 1s correct and working is showneg. 3 % 1.5
Blfi 2.2a
If (a) 1s incorrect allow 3 x their (a) given to at least 3sf but do not be too
concerned about the accuracy (as they may use rounded or rounded value
from (a))
For reference the integration on a calculator gives 4.534647213
(n
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(c) This mark depends on the B1 havine been awarded in part (b) with
awrt 4.5
Look for a sensible comment. Some examples:
e The answer is accurate to 2 sf or one decimal place

e Answer to (b) is accurate as 4.535 == 4.50

e Very accurate as 4.535t0 2 sfis 4.5
o 451425 < 4,535 so my answer 15 underestimate but not too far off
e [t is an underestimate but quite close
e [tisavery good estimate
e High accuracy
®  (Quite) accurate
e tis less than 1% out
e 4.535-4.5=0.035 so not far out Bl | 3.2b
But not just “it is an underestimate™
or
Calculates percentage error correctly using awrt 4.50 or awrt 4.51 or 4.5
(No comment is necessary in these cases although one may be given)
Examples:

4.535-4.50 o; Qr 4.535-4.51
‘W|xl[)ﬂ 0.77% —_—

4.535
4.535-4.51425 o 4.50
2220 7RI IRe) %, OT
In these cases don’t be too concerned about accuracy e.g. allow 1sf.
This mark should be withheld if there are any contradictory
statements

‘xl(}l} 0.55% or

100 = 99%

(1))

(5 marks)
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November 2020 Question

6. (a) Given that

xelR x# -2

find the values of the constants 4, B and C

3)
(b) Hence, using algebraic integration, find the exact value of
L] >
S+ 8x-3
X° 4+ By =3 &
. X+2
giving vour answer in the form a + bIn2 where a and b are integers to be found.

(4)
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ANSWER
6(a) X +8x-3=(Ax+B)(x+2)+C or Ax(x+2)+B(x+2)+C
= A4=....B=....C=..
or
—x16 Ml I.1b
Jc+2)|x‘+8.‘r—3
X +2x
6x—3
bx+12
—~15
Twoof 4=1,B=6,C=-15 Al 1.1b
Allthreeof 4=1,8=6,C=-15 Al 1.1b
(3)
6(h) 2
@dx: x+6— 15 dx:...—ISIn{x+2) MI l.1b
x+2 x+2
:%x2+6x—151n(x+2) (+c') Alft 1.1b
"X +8x-3 ‘
-+ — il
IO = [lx2+6x—151n{x+2)]
. x+2 2 o
= (18 + 36 — 15In8) — (0 + 0 — 151n2) MI 2.1
=18+36—(15-45)In2 ore.g. 18+36+151r1(§)
=54 -301In2 Al I.1b
4)
(7 marks)
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November 2020 Question 12 Paper 2
12,

VA

=Y

Figure 3
The curve shown in Figure 3 has parametric equations

x=06sin{ v=35sin2f

ir
0<st<
The region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.

-

(a) (1) Show that the area of R 1s given by J

“60sinfcos?f df
1]

(3)

(ii) Hence show, by algebraic integration, that the arca of R is exactly 20
VA

(3)

=Y

Figure 4
Part of the curve is used to model the profile of a small dam, shown shaded in Figure 4.
Using the model and given that
L ]

x and y are in metres
L]

the vertical wall of the dam is 4.2 metres high
.

there is a horizontal walkway of width MN along the top of the dam
(b) calculate the width of the walkway.
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ANSWER
Question Scheme Marks AOs
12(a)(i) dx . o A
i — R N . g ..
'“(dr Ssin2fxbeost or Sx2sinfcostxbeost M1 |2
(Area=) | Ssin2tx6costdi= | Sx2sintcostx6costds
or dM1 1.1b
Ssin2¢x6costds = | 60sin¢cos® ¢ dt
(Area=).|‘2603inrcuszrdr * Al* 2.1*
1]
3
(a)(ii) . , ; MI 1.1b
sinfcos” £ df =-20cos’ '
Jﬁ[}sm cos f dt Ocos™t Al L 1b
Area = [-20cos’ 1 |* =0-(-20)=20 * Al* 2.1
3)
() 58in2t=42=sin2r = 4.2 M1 34
t=04986...,1.072... Al 1.1b
Attempts to finds the x values at both ¢ values dM 1 34
.E:U.4986...:>x:2:8f:-9,,. Al b
t=1072=x=5.269...
Width of path = 2 40 metres Al 32a
5
(11 marks)
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June 2019 Question 13 Paper 1

13. The curve C with equation

y:p_—:’;x IER,X¢—3,I¢2
(2x — g)(x + 3)

where p and g are constants, passes through the point (3, l) and has two vertical asymptotes
with equations x = 2 and x = -3 2

(a) (1) Explain why you can deduce that g = 4

(i1) Show that p =15
(3)

Figure 4

Figure 4 shows a sketch of part of the curve C. The region R, shown shaded in Figure 4,
is bounded by the curve C, the x-axis and the line with equation x = 3

(b) Show that the exact value of the area of R is aln2 + b1n3, where a and b are rational
constants to be found.

(8)
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ANSWER
Question Scheme Marks AOs
13 (a) (1) Explains 2x — g =0when x=20e Hence g=4 * Bl#* 2.4
(i1) Substitutes | 3 l into v_p——lr and solves M1 1.1b
2 )"0 YT 2 a) (x+3) '
1 p-9 B ew
5_(2]x(6):>p 9=6=>p=15 Al* 2.1
3)
(b) Attempts to write %in PF's and integrates using Ins M1 3.1a
between 3 and another value of x.
15-3x A .
= leading to 4 and B
(2x-4)(x+3) (2x-4) (x+3) eoam Ml 1.1b
15-3x 18 B 24 or 0.9 B 2.4 oc I L1b
(2x-4)(x+3) @x—4) (x+3) (-2) (x+3) A -
[ 15-3x
I= | —————dx=mhn(2x-d+nln(x+3)+(c) —— Ml 1.1b
e (2x-4) + nln(x+3)+(c)
[ 15-3x
I = dx=0.9In(2x-4)-2.4In(x+3) oc Alft 1.1b
J (2x-4)(x+3)
5
Deduces that Area Either 15-3x
(2x—4)(x+3)
3 Bl 2.2a
Uses correct In work seen at least once for In6=In2+In3 or
In8=3In2
dM 1 2.1
[0.9 In(6) - 2.4111(8)] — [U.an(l] -24 ln{ﬁ)]
=33In6-72In2-09n2
=33In3—4.8In2 Al 1.1b
(8)
(11marks)
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June 2019 Question 5 Paper 2

5.
VA
}.? = \f’;
P
}?
0 4 ox 9 M
Figure 3

Figure 3 shows a sketch of the curve with equation y = Jx
The point P(x, y) lies on the curve.
The rectangle, shown shaded on Figure 3, has height y and width dx.

Calculate

dx—0

9
lim ZJE ox
x=4

(3
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ANSWER
Question Scheme Marks | AOs
g 9
5 States umDZJE Sx is I Jx dx Bl 1.2
‘ x=4 4
2 27
- {—xi—| M1 I.1b
3
4
3
= :)(95 —E
3 3
:E or 12% or awrt 12.7 Al 1.1b
(3)
(3 marks)
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June 2019 Question 14 Paper 2

14. (a) Use the substitution u = 4 — Jh to show that

dh
j = —8In[4 — Vh|-2vh +k

4 —

=

where k is a constant

(6)
A team of scientists is studying a species of slow growing tree.

The rate of change in height of a tree in this species is modelled by the differential equation
dn 1 (4 _ \fﬁ ]
dr 20

where /1 is the height in metres and ¢ is the time, measured in years, after the tree is planted.

(b) Find, according to the model, the range in heights of trees in this species.

(2)
One of these trees is one metre high when it is first planted.
According to the model,
(c) calculate the time this tree would take to reach a height of 12 metres, giving your
answer to 3 significant figures.
(7
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ANSWER
Question Scheme Marks | AOs
d [ dh
14 (a) ﬁa.-:4—\l'f_r::>5 & ——h?* or —=-2(4—u) or —:—24'!; Bl I.1b
dh 2 du u
[y T,
j_‘”‘ - J 244 4, MI 2.1
4—4fh u
8
:I[——+2Jdn M1 1.1b
u
=—8lnuw+2u {+c!} Ml L.1b
Al 1.1b
:—Sln‘xl—ﬁ‘um—ﬁ)m = —sln‘4—ﬁ|—2ﬁ +k * Al* 21
(6)
dh  **(@4-+h)
—_— = ==t 4—afh =0
(b) {dr 0 Jh MI 3.4
Deduces anyof 0<h <16, 0=h <16, 0<h=16, 0=h<16, , 29
h<16, h<16 orall values up to 16 A £-ca
(2)
(c) j L = ILrU-lfdz Bl 1.1b
Way 1 (@—+h) 20
1 s M1 1.1b
~8Ind4 i - 2/l = 1 el N T
{t=0,h=1=} -8In(4-1)-2,J() :ém)”j“ Ml 3.4
—c=-8In(3)-2 = 4;1;;\4-@]- 24 = 1'% _8In(3)—2
25
I dM1 3.1a
th=12=) —31n|4—\fﬁ‘—2~,:’1_:Er'-fi—sma}—z
% =221.2795202... = t= '%/221.2795... or t=(221.2795..)" M1 I.1b
t=75.154...=1t= 752 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (c) in part (b) (7)
12 T
(©) J‘ 20 dh = j PLECER
h = Bl 1.1b
Way 2 . (4=+h) 0
iz T4 T M1 1.1b
20(—8In|{d—~/h|-2+h) | =| =¢'*
[D{ “| ’“"_| ‘"_]l [5 ]U Al 1.1b
25 M1 34
20(—81In(4—12)— 2:/12) - 20(—8In(4 —1)— 21) = dps_g
5 dM1 3.1a
7' =221.2795202... = T'='%221.2795... or T'=(221.2795...)" M1 1.1b
T=75154... =T = 752 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (c) in part (b) (7)
(15 marks)
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June 2018 Question 7 Paper 1

7. Given that k € Z°

(a) show that -[

2k 2
(b) show that -[ —_—
P (2x —

3k
dx is independent of &,

v (3x —k)

k)

dx is inverscly proportional to .

:BW‘:/J/J>

4)

3)

ANSWER
Question Scheme Marks AOs
7 (a) * M1 1.1a
2 dx:ghl{iix—k]
J (Bx—k) 3 Al 1.1b
- 2 2 2
dx==In(9% —k)—ZIn(3k k) dM1 1.1b
J. Bx-k) 3 3
=g]n & =—In4 oe Al 2.1
3 2K
4)
(b) r
2 gy M1 1.1b
J (2x—k) (2x—k)
- 2k 2 ] ]
——dx=— + dM|1 1.1b
J. 2x—k) (4k—k} (Zk—k]
—i l Al 2.1
3%\ "k '
3)
(7 marks)
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June 2018 Question 10 Paper 1

10. The height above ground, /{ metres, of a passenger on a roller coaster can be modelled by
the differential equation

dH  Hcos(0.25r)
dr 40

where 1 is the time, in seconds, from the start of the ride.

Given that the passenger is 5m above the ground at the start of the ride,

(a) show that H = 5¢%!sin(0-250)

(3)

(b) State the maximum height of the passenger above the ground.

(1)

The passenger reaches the maximum height, for the second time, T seconds after the start
of the ride.

(c) Find the value of T.
(2)
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ANSWER
Question Scheme Marks AOs
10(a) dH _ Hcos025t _ [(1 . [c0s0.25 M .
d 40 H |40 2-1a
In H = -sin0.25 M o
=—5mub. Lot +¢
10 (+e) Al 1.1b
Substitutes 1 =0, =5=c=1In(5) dM|1 34
In Las Ls,in 0.25t = H =5¢" 190350« Al* 2.1
5 10
(5)
(b) Max height = 5¢”' =5.53m  (Condone lack of units) Bl 3.4
(1)
() Sets 0.251 = STH M1 3.1b
314 Al 1.1b
(2)
(8 marks)
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June 2018 Question 13 Paper 1

13. Show that

J.Elru"x+ 2dx = 2(2 + JE]
i}

15
(7
ANSWER
Question Scheme for Substitution Marks AOs
13 2
Chooses a suitable method for J 2xx+2 dx
0
Award for M1 3.la
* Using a valid substitution u =..., changing the terms to u's
e integrating and using appropriate limts .
Substitution Substitution
dx dx Bl 1.1b
U=~x+2=—=2u oe u=x+2=-—=1 oe
du du
J. 2xyx+2 dx j 2x\x+2 dx
M1 1.1b
=.[.4(u2¢2]zfdu :IA(uiz)JJdu
= Pu’ + O 3 T3 dM1 2.1
=Pu £ Qu =Su’ +Tu? :
4 5 8 4 4 > 8 2
==y —=1U — 2 __ 42 Al 1.1b
3 543"
Uses limits 2 and 2 the Uses limits 4 and 2 the correct ddM1 L 1b
correct way around way around
32
_ = *
_15(2+J§) Al* 2.1
)
(7 marks)
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June 2018 Question 10 Paper 2

10. A spherical mint of radius 5 mm is placed in the mouth and sucked.
Four minutes later, the radius of the mint is 3 mm.

In a simple model, the rate of decrease of the radius of the mint is inversely proportional
to the square of the radius.

Using this model and all the information given,

(a) find an cquation linking the radius of the mint and the time.
(You should define the variables that you use.)

)
(b) Hence find the total time taken for the mint to completely dissolve. Give your
answer in minutes and seconds to the nearest second.
(2)
(c) Suggest a limitation of the model.
(1)
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ANSWER
Question Scheme Marks | AOs
dr 1 dr k
10 (a —xt+t— o —=%+— for k or a numerical k M1 33
@) dr r dr e [ )
jf‘g dr= |tkdr = (for k or a numerical k) M1 21
|
Er‘=ik: {+c) Al I.1b
t=0,r=5and t=4,r=3 t=0,r=5and t=240,r=13
e La 49 125 o L 49 125 M1 3.la
wes —F =——[+ —, wves —F =— —1F+—,
SIVES 3 6 3 BVES 3 360 3
where r, in mm, is the radius where r, In mm, is the radius
{of the mint} and #, in minutes, 1s | {of the mint} and ¢, in seconds, is
. . . . . . . : Al 1.1b
the time from when it {the mint} the time from when it {the mint}
was placed in the mouth was placed in the mouth
(3)
4
(b) r=0:;»0=—?9r+%:;~ 0=—49+250 =r=.. M1 34
time = 5 minutes 6 seconds Al 1.1b
(2)
(c) Suggests a suitable limitation of the model. E.g.
¢ Model does not consider how the mint is sucked
¢ Model does not consider whether the mint is bitten
e Model is limited for times up to 5 minutes 6 seconds, o.e.
e Not valid for times greater than 5 minutes 6 seconds, o.e.
*  Mint may not retain the shape of a sphere (or have uniform
. T Bl 3.5b
radius) as it is being sucked
e The model indicates that the radius of the mint is negative after
it dissolves
e  Model does not consider the temperature in the mouth
e Model does not consider rate of saliva production
« Mint could be swallowed before 1t dissolves in the mouth
(1)
(8 marks)
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June 2018 Question 13 Paper 2

13.
VA

N

=¥

Figure 2
Figure 2 shows a sketch of part of the curve C with equation y = xIlnx, x > 0
The line / is the normal to C at the point P(e, ¢)
The region R, shown shaded in Figure 2, is bounded by the curve C, the linc / and the x-axis.

Show that the exact arca of R is Ac” + B where A4 and B are rational numbers to be found.

(10)
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ANSWER
Question Scheme Marks | AOs
3 C:y=xlnx; 7is a normal to Cat P(e, €)
Letx, be the x-coordinate of where / cuts the x-axis
b 1nx+\[l} I=1+Inx} Ml 2.1
dx x Al 1.1b
x=e,m. =2 =>m, = -3 2}—82—%(1—3)
M1 3.la
1
3 _[}:}—ﬂ:—E(_Y—E) = Xx=
! meets x-axis al x=3e (allow x=2e+elne) Al 1.1b
{Areas:} either j xnxde = .. T= .. or I;{l{their x,)—ee MI 2.1
1 L
xlnxdx = | 121 2 {dx} M1 2.1
| 2 2 '
1 2 1 W 1 dM1 1.1b
“‘I _x ”‘1" Al | Lib
Area( R, j de = ... DA R,)=—((tl
rea(R)=| xhnxde =[ .. | = rea(R,)= (( eir x,) —e)e M 11
and so, Area(R) = Area(R,) + Area(R,) {—IL +L+e’}
Area(R)=3e¢" +1 Al 1.1b
(10)
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June 2018 Question 1 Core 2

1. VA /

Figure 1

Figure 1 shows a sketch of part of the curve with equation

3
2

C(x+2)
4

v » x;—z

The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and the
line with equation x = 10

(x+ 2}%

The table below shows corresponding values of x and y for y = 1

(a) Complete the table, giving values of y corresponding tox = 2 and x = 6

X —2 2 6 10

y 0 63

(1)

(b) Use the trapezium rule, with all the values of y from the completed table, to find an
approximate value for the area of R, giving your answer to 3 decimal places.

@)
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ANSWER
%“u‘:f:;‘;f Scheme Marks
L X -2 2 6 10
¥ 0 2 42 63
(a) | {Atx=2)}y=2 and {Atx=6,} y=4\2o0r 28 orawrt 5.7 Bl cao
(1)
(®) %x4;0rh=4 Bl oe
{ 0+643+ 2(rﬁre1'r2 +theird2 )} For structure of { ................ MI1Alft
1x4 { 0+ 643 + 2(2+4J§]} {= 2(25.706) = 51.412..} = awrt 51.412 Al
4
(5 marks)
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Ch. 12: Vectors

June 2024 Question 7 Paper 2

7.

Figure 2
Figure 2 shows a sketch of the straight line /.
Line / passes through the points 4 and B.
Relative to a fixed origin O
+ the point 4 has position vector 2i — 3j + 5k
* the point B has position vector 5i + 6j + 8k

(a) Find AB
(1)

Given that a point P lies on [ such that
o o
AP|=2|BP|

(b) find the possible position vectors of P.

4)
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ANSWER

Question

Scheme

Marks

AOs

T(a)

(4B =)3i+9j+ 3k

Bl

1.1b

(1

(b)

Examples:

OP = 0A+2AB = 2i - 3j+ 5k +2(3i+9j+3k) = ..

or

OP = 0B + AB = 5i+6j+ 8k +(3i+9j+3k) =..

ar

O—P=ﬁ+%ﬁ =2i—3j+5k+%(3i+9j+3k)=...

or

O—P=ﬁ+%E=Si+6j+8k—%{3i+9j+3k)=_,_

M1

3.1a

Bi+15j+11k or 4i+3j+7k

1.1b

Examples:

OP = 0A+2AB=2i-3j+5k+2(3i+9j+3k)=..

or

OP = 0B+ AB =5i+6j+8k +(3i+9j+3k) =..

and

Ep=a+§ﬁ=2i—3j+5k+%{3i+9j+3k)=...

or

ﬁi=@+%ﬁ=Si+6j+8k—%[3i+9j+3k)=...

dM1

3.1a

8i+15j+11k and 4i+3j+ 7k

Al

22a

4)

(5 marks)
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June 2023 Question 6 Paper 2

6. Relative to a fi

xed origin O,

« A is the point with position vector 12i

* B s the point with position vector 16j

« (' 1s the point with position vector (50i + 136j)

* D is the point with position vector (22i + 24j)
(a) Show that AD is parallel to BC.
(2)
Points 4, B, C and D are used to model the vertices of a running track in the shape of
a quadrilateral.
Runners complete one lap by running along all four sides of the track.
The lengths of the sides are measured in metres.
Given that a particular runner takes exactly 5 minutes to complete 2 laps,
(b) calculate the average speed of this runner, giving the answer in kilometres per hour.
4
ANSWER
Question Scheme Marks AOs
6(a) AD=10i+24j and BC =50i+120j Mi 1.1b
AD = éB—C therefore AD is parallel to BC * Al*cso | 2.2a
2)
(b)
Attempt to find at least two lengths between AB, BC, CD and AD M1 1.1b
|BC| = V50" +120* =130, |DA|=+10"+24* =26
[4B|= V12" +16” =20, |CD| =28 +1127 = 2817 (awrt 115 m) Al 11b
2{2ﬁ+1sn+zn+zwﬁ]/
Average speed = — /1000 dM1 3.1b
Yeo
awrt = 6.99 (km/h) Al 3.2a
“
(6 marks)
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June 2023 Question 3 Paper 1

3. Relative to a fixed origin O
* the point 4 has position vector 5i + 3j + 2k
* the point B has position vector 2i + 4j + ak
where a is a positive integer.

(a) Show that |(ﬂ| = /38

(1)
(b) Find the smallest value of a for which
|'0B| > |04
(2)
ANSWER
Question Scheme Marks | AOs
3@ (Io4]=) V5 +3* +2* =38 * BI* | L1b
(1)
® (0B|=+2* +4* +a* =20+a* sowhen a=5 [0B|=20+25=/45 M1 | Llb
=5 Alcso | 2.3
(2)
(3 marks)
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June 2022 Question 13 Paper 2

13. Relative to a fixed origin O

+ the point 4 has position vector 4i — 3j + 5k
+ the point B has position vector 4j + 6k
+ the point C has position vector —16i + pj + 10k

where p is a constant.
Given that 4, B and C lie on a straight line,

(a) find the value of p.
(3)

—> —>
The line segment OB is extended to a point D so that CD is parallel to OA

_}
(b) Find |OD , Writing your answer as a fully simplified surd.

3
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ANSWER

Question Scheme Marks AQs

13(a) Attempts two of the relevant vectors

+AB =+(—4i+7j+k)
+AC =+(-20i+(p+3)j+5k) M 31
+BC =£(-16i+(p—4)j+4k)
Uses two of the three vectors in such a way as to find the value d
ofp. Eg. p+3=5x7 Mi 21
p=32 Al 1.1b
3
(b) Deduces that OD = 2.0B = 44j+ 61k and attempts

— M1 3.1a

CD = 16i + (41 —"32") j+(61—10)k

Correct attempt at 2 using the fact that CD is parallel to 04

CD =16i +(4%.—"32")j+(61—10)k

- dM1 1.1b
O4=4i-3j+5k
4).—32=-12=h=... OR6A-10=20=h=...
05| =554 +6~ =104T3 Al 1.1b
3

Video solution:

https://youtu.be/8uADN2CL sVs
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June 2022 Question 9 Paper 1

:B\:/J/J>

9.
o
R
P
S
Figure 3
Figure 3 shows a sketch of a parallelogram PORS.
Given that
_>.
« PO=2i+3j—4k
_>.
« QR=5i—-2k
(a) show that parallelogram PORS 1s a thombus.
(2)
(b) Find the exact area of the rhombus PORS.
(4)
ANSWER
Question Scheme Marks AOs
Y@ | Attempts both [PQ|= 2" +3"+(~4)" and [OR]= 5" +(-2)’ M1 3.1a
States that |P—Q‘ = ‘ﬁl =+/29 so PORS is a thombus Al 2.4
)
(b) Attempts BOTH PR = PO+ OR =7i+3j-6k . .
- Jda
AND (QOS=-PO+PS=3i-3j+2k
Correct PR =7i+3j—6k and OS = 3i-3j+2k Al 1.1b
Correct method for area PORS. E.g. %x|ﬁ|x oS dMm1 2.1
= /517 Al 1.1b
4)
(6 marks)
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November 2021 Question 6 Paper 1

Figure 1

Figure 1 shows a sketch of triangle ABC.
Given that
_>
* AB=-3i—4j-5k
ﬁ
« BC=i+j+4k
-
(a) find AC
(2)
9
(b) show that cos ABC = 10
3
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ANSWER
Question Scheme Marks AOs
6(2) AC=AB+BC=-3i-4j—Sk+i+j+ak=.. M1 | 1.1b
=-2i-3j-k Al | LIb

(2)

(b) At least 2 of
(AC?)="22 43 4127 (4B?) =3 + 42+ 5%, (BC?) =1 +1° 442 M1 LTb
PRl =P 44 45 4P+ P8 -V + 4 451 4 442 c0s ABC M1 3.1a
14=50+18—-2+/50+/18cos ABC
— &
:?_CUSABC:50+_13 4_9, Al 2.1
2450418 10
3)
(b) Alternative
AB* =3 +4* +5 BC* =1"+1’ +4° M1 | L1b
BABC =(3i+4j+5k Wi +j+4k) =27 =43 + 4 + 51 + 1" + 4 cos ABC Ml | 3.la
27 9
27 = /50418 cos ABC = cos ABC = ——=—= —* ALY | 21
V50418 10

(5 marks)
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June 2018 Question 2 Paper 2

2. Relative to a fixed origin O,
the point 4 has position vector (2i + 3j — 4k),
the point B has position vector (4i — 2j + 3k),
and the point C has position vector (ai + 5j — 2k), where @ is a constant and a < 0
D is the point such that AB = BD.

(a) Find the position vector of D.
(2)
Given |AC| =4

(b) find the value of a.
3)
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ANSWER
Question Scheme Marks | AOs
OA=2i+3j-4k, OB=4i-2j+3k, OC=ai+5j-2Kk, a<0
AB = BD, AB“_4
(a) E.g. OD = OB+BD=0B+ AB
or OD=0B+BD=0B+AB=0B+0B —0A =208 — 04
or OD=0B+BD=0B+ AB = 0A+ AB+ AB = OA+2AB
4 4 2 4 2
=|-2|+|-2|-| 3 ~2{+|-5
3 3 -4 3 7
M1 31a
2 4 2 2 2
or =| 3 |+2 2 3 = 3|+2|-5
-4 3) |\-4 -4 7
6
=|-7| or 6i—7j+10k Al 1.1b
10
(2)
(b) (@a=2)" +(5-3)" +(=2—-—4)* M1 1.1b
{|A("‘ =4 :>} (@=2) +(5-3) +(=2——4)*= (4)
i dM1 2.1
=(a-2y =8=a=.. or —a’—da-4=0=a=..
(as a<0=>) a=2-2J2 (or a=2-8) Al 1.1b
3)
(5 marks)
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