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Ch. 9: Differentiation

June 2023 Question 7 Paper 2

7. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
A curve has equation

X+ 2y + 37 =47

(a) Find % in terms of x and y

4)
The point P(-2, 5) lies on the curve.
(b) Find the equation of the normal to the curve at P, giving your answer in the form
ax + by + ¢ =0, where a, b and c are integers to be found.
3)
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ANSWER
Question Scheme Marks AOs
(@) X = .x* and 3y* > ...yd" M1 1.1b
dy
2 2y +2x— .
xy —=2y+ xdx B1 1.1b
20 W y_ Y
3x +2xdx+2y+6ydx—...:>dx—,... M1 2.1
2
d__2Zy+3x Al 11b
dx 2x+6y
4)
b 2
(b) dy_ 2(5)+3(-2)
dx 2(-2)+6(5)
orc.g. M1 1.1b
3(—2)3+2(—2)$+2x5+6x5d—y:0:>ﬁ:... (—ﬂ]
dx dx dx 13
y—5=”%"(x+2) dM1 I.1b
13x-11y+81=0 Al 2.2a
3)
(7 marks)
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June 2023 Question 1 Paper 2

1.
fx)=x+2x" -8 +5
(a) Find f"(x)
(2)
(b) (1) Solve f"(x)=0
(11) Hence find the range of values of x for which f(x) is concave.
(2)
ANSWER
Question Scheme Marks AOs
1(a) ') =}x’ +ox . 2 {f(x) =) x +... M1 1.1b
(f'(x)=)3x +4x -8 = {f"(x) =} 6x + 4 Aleso 1.1b
(2)
) "6x+4" = 0:>x="—§" Bift 1.1b
(i) x ﬂ"*;" or x <"fz" Bift 2.2a
2)
(4 marks)
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June 2023 Question 12 Paper 1

12. y = sinx

where x 1s measured in radians.

Use differentiation from first principles to show that

< B\z/ | /J>

dy
- COSX
dx
You may
* use without proof the formula for sin(4 = B)
* assume thatas h — 0, sin — 1 and % -0
)
ANSWER
Question Scheme Marks | AOs
P - —
sin(x+h)—sinx BI 21
h
sin xcos i +cos xsin kA —sin x Ml 1.1b
h Al 1.1b
. cosh-1 sinh .
(As h—>0), sinx . +cosx - — Oxsinx+1xcosx dM1 | 2.1
) l:cosx * Al* 2.5
dx
(5 marks)
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June 2022 Question 16 Paper 2

16.
VA
C
~] ,
/
0 X
Figure 6
Figure 6 shows a sketch of the curve C with parametric equations

, T T
x=2tanr+1 y=2sec’t+3 _I a;fsgg

The line / is the normal to C at the point P where (= 7

(a) Using parametric differentiation, show that an equation for / is

(b) Show that all points on C satisfy the equation

1 a
==(x—1) +5
y 2(1 )
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The straight line with equation
y=- E_‘r +k where & 1s a constant

intersects C at two distinct points.

(c) Find the range of possible values for £.

()
ANSWER
Question Scheme Marks | AQOs
16(a) dy
dy g dsec’ttant MI 1.1b
Attempts —=-L=———(=2tant)
e dr gy Al | Llb
dt
Atr=Z Y 3y 3,27 ML | 21
4 dx 77 77 '
Attempts equation of normal _}’—?:—%(}:‘—3} M1 1.1b
}’:_%IJF% ¥ Al* 2.1
3
(b) , . - 1y
Attempts to use sec f=1+tan t = _],23:1+[x2 1] M1 3.1a
(x-1)° L1y Al* | 2.1
=>y-3=2+ 5 :>y:§(x—l) +5 * .
2)
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(c) Attempts the lower limit for k:
1 2 | 2
E{X—l) +5:—§x+ﬁ::>x —I+(ll—2k]:ﬂ M1 21
b —4ac=1-4(11-2k)=0=k=...
43
k=)— Al 1.1b
(k=)%
Attempts the upper limit for &:
i T :f &
(x,;-}k_%.r:—I:}). =2tan(—zJ+] =—1, y=2sec [_I}+3=? M 51
1 1
(-L 7).y ——Exhk =7 _§+A = k=..
13
=)— Al 1.1b
(k=)%
48—3<.k a;g Al 2.2a
)
(12 marks)
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June 2022 Question 12 Paper 2
12. The function f is defined by

]
4x* + k

f(x) =
where k is a positive constant.

(a) Show that
f'(x) = (12x" — 8x + 3k) g(x)

where g(x) is a function to be found.

3)
Given that the curve with equation y = f(x) has at least one stationary point,
(b) find the range of possible values of £.
3)
ANSWER
Question Scheme Marks AOs
12(a) 3x (4):3 - k]:%esx “8xe
fx)=— = f'(x)= <
4x 1 k (4x3+k) Ml 1.1b
or Al 1.1b
ix a -1 ix f - -1 x 3 -2
f(x)=ec (4:(‘ +k) — f'(x) =3¢ (41‘ +k) —8xe [4x- +k]
(1207 ~8x+ 3k )¢
f'(x) = 3 Al 2.1
(4_7(1 +k)
3)
(b) If y =1{(x) has at least one stationary point then
’ BI 2.2a
12x" —8x+ 3k = 0 has at least one root
Applies b —4ac (=)0 with a=12,b=-8,c =3k M1 2.1
O<k< % Al 1.1b
3)
(6 marks)

Video solution:

https://youtu.be/IKpbO3FbB1I
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November 2021 Question 14 Paper 1

14. Given that

B x—4 v 0
Y v o
show that
dy 1
dx B Ax x>0
where A 1s a constant to be found.
(4)
ANSWER
Question Scheme Marks AOs
14 y= r—4 j£_2+\f';—(x—4]%x_% M1 21
214~ dv (2+x) Al | 11b
24 x—(x-4)1x  24x-1x 220 2Vx+dx+2
= 2 = ) 2 = 2 Ml 1.1b
() ] )
Coxeadxea  (20X) | oo
2Wr(2+4x)  2x(2+4x) VX |
4)
(4 marks)
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November 2021 Question 8 Paper 2

8. The curve C has equation
px* +gxy + 3y* = 26

where p and g arc constants.

(a) Show that

dy apx’ +bqy
dx gx+cy

where a, b and ¢ are integers to be found.

(4)
Given that
+ the point P(-1, —4) liecs on C
* the normal to C at P has equation 19x + 26y + 123 =0
(b) find the valuc of p and the valuc of g.
5
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ANSWER
Question Scheme Marks AOs
8(a) d .. . dy
L(3)=6rY
L (37) =6y
or M1 2.1
d dy
JR— . — _+ b
dx(fﬁy) et
EPTE-“QIQ‘FQ}""&}“E—O Al 1.1b
o dx dx ’
dy 2 dy
6y)—=-3 - —_—=_.. dM1 2.1
(gx+ J]dx PX =gy =
& _Spx-gqy Al | 1.1b
dx  gx+6y
4)
® p(-) +a(-1)(4)+3(-4) =26 M1 | Lib
19x+26y+123=0:>m=—% Bl 2.2a
S3p(-1) —g(—4) _26 g(-1)+6(4) 19
T ) R T PO BT ME ] e
p—4g=22 57Tp—-102g=624 = p=...qg=... dM1 1.1b
p=2 g=-5 Al 1.1b
&)
(9 marks)
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November 2021 Question 13 Paper 2

13. The curve ' has parametric equations

¥ =sin28 y = cosec’ O0<f< %

(a) Find an expression for & in terms of @
dx
3)
(b) Hence find the exact value of the gradient of the tangent to C at the point where y = 8§
3)
ANSWER
Question Scheme Marks AOs
1 . ;
3(@) y = cosec’f = j—}g = —3cosec’dcosecd cot & B1 1.1b
dy _dy  dx
de do do Ml 1o
» — 3 ~
dy _ 3cosec’dcot & Al 1 1b
dx 2cos28
3
(b) 3 . 3 1 , I
y =8 = cosec’d =8 = sin ()=§:.ssm0'=5 M1 3.la
—3cosec’ (E_jcm (E)
T dy 6 6
f=—=—= =
6 dx 5 [2?:)
cos| —
6
or
MI 2.1
3/
3 cosf —3x8x—~L2
T e
§inf = — — = — sin ‘:-.1:r1 _ fl
2 dx 2(1—25m 6') 2{1_2x_]
4
= —24-/3 Al | 22a
3
(6 marks)
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November 2020 Question 9 Paper 1

B

e
=¥

Figure 2
Figure 2 shows a sketch of the curve C with equation y = f(x) where
f(x) =4(x-2)e™ xeR

(a) Show that f'(x) = 8(2 + x — x’)e

(3)
(b) Hence find, in simplest form, the exact coordinates of the stationary points of C.
(3)
The function g and the function h are defined by
g(x) =2f(x) xe R
hix)=2f(x)-3 x=0
(c) Find (i) the range of g
(i1) the range of h
3)
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ANSWER
Question Scheme Marks AOs
%a) f(x) =4(x*=2)e™
. -2 2 24 M1 1.1b
Differentiates to e " x8x +4(x - 2}}( —2e Al L 1b
P'(x) =8¢ * fx—(x?-2)} =8(2+x-x")e™ * Al* .
(3)
(b) States roots of f’(x) =0 x=—1.2 BI 1.1b
Substitutes one x value to find a y value M1 L1b
Stationary points are (—l,—-‘-h:z) and (2,80 4) Al I.1b
3)
© (1) Range [—8&2,::0} o.e. suchas g(x)=- 862 Blft 25
(ii) For
* Either attempting to find 2f(0)-3=2x-8-3=(-19) and
identifying this as the lower bound M1 3.la
¢ Orattempting to find 2x"8¢ ™" "-3 and identifying this as
the upper bound
Range [—19,1664—3] Al 1.1b
3)
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November 2020 Question 15 Paper 1

15. The curve C has equation

x'tany=9 D<y< z
2
(a) Show that
dy  —18x
de  x*+81
(4)
(b) Prove that C has a point of inflection at x = ﬁ
3)
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ANSWER
Question Scheme Marks AQs
15 (a) 2 _ ST\ M1 3.la
x tany=9= 2xtan y+x" sec }dx-ﬂ Al Lb
Full method to get dy in terms of x using
dx M1 1.1b
sec” y=1+tan” y=1+f(x)
9
b T s, Al* |21
= =— ‘
dx xz[]_‘_ﬂJ x +8l1
X
4
(b) dy  —I8x
de  x'+81
d*y  —18x(x'+81)—(-18x)(4x') 54(x*-27)
(" +81) (x*+81) Al 1.1b
States that when x <27 = d }, <0
d’y
when x =327 =>—=0
§ e Al | 24
AND when x>327 = j: >0
giving a point of inflection when x = /27
3)
(7 marks)
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November 2020 Question 13 Paper 2

13. The function g is defined by

3In(x) -7

glx)= In(x) - 2 x>0

where k is a constant.
(a) Deduce the value of £.
(b) Prove that
g'x)>0
for all values of x in the domain of g.

(c) Find the range of values of ¢ for which

g(a) >0
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ANSWER
Question Scheme Marks AOs
13(a) k=e¢" or x#e Bl 2.2a
(H
b
®) (hlx—Q)xg—{Blnx—?]xl
() = e T
(Inx—Z)l x(Inx-2)
or
' d -1 -3 l ]_ Ml llb
g0 = (3-(In(x)-2) )= (nx-2) o= | 5 |3
dx X x(lnx-2)
or
. —1 3 -2 ]. l
g'(x)=(Inx-2) x=—(3Inx-7)(Inx-2) x—=———
X X x(Inx-2)
As x>0 (or 1/x=0) AND Inx -2 is squared so g'(x) = 0 Alcso 2.4
3)
(e) Attempts to solve either 3lnx—7 ... Qorlnx-2 ... 0
or3lna-7 .. 0orlna-2 ... 0where ... is “="or “=" to reach
. . . MI 3.1a
a value for x or @ but may be seen as an inequality
egx>=...ora= ...
O<a<e’, a>e’ Al 22a
2
(6 marks)
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June 2019 Question 3 Paper 1

3. kL
(x+1)
(a) Show that dy =— where A and n are constants to be found.
dx (I + 1]” (4)
(b) Hence deduce the range of values for x for which dr < 0
d_t (l)
ANSWER
Question Scheme Marks AOQOs
3(a) 5x° +10
Correct method used in attempting to differentiate y = xi,,x M1 3.1a
(x+1)
dy  (x+1) x(10x+10)—(5x* +10x)x2(x +1) Al L 1b
= — oe ’
dx (x+ 1]4
Factorises/Cancels term in [x + l} and attempts to simplify
dy (x+1)x(10x+10)—(5x* +10x)x2 4 Ml 2.1
dx (x+1) (x+1Y
dy 10
T , Al 1.1b
dx [r+l]1’
4)
(b) For x<-1
.ody A Blft 22a
Follow through on their — = — = 1,3
de  (x+1)
(1)
(5 marks)
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June 2019 Question 14 Paper 1

14. The curve C, in the standard Cartesian plane, is defined by the equation
. = T
x =4sin2y — < y<—
R

The curve C passes through the origin O

(a) Find the value of 3—1 at the origin.

* (2)

(b) (i) Use the small angle approximation for sin2y to find an equation linking x and y
for points close to the origin.

(ii) Explain the relationship between the answers to (a) and (b)(i).

(2)
(c) Show that, for all points (x, y) lying on C,
dy 1
de  gb-x?
where @ and b are constants to be found.
(3)
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ANSWER
14 (a) Attempts to differentiate x =4sin2y and inverts
—cos? 1 M1 L.1b
dy COSV=3 d.x 8cos2y
dy 1
—_ = Al L.1b
AL(00) =2
(2)
(b) (1) Uses sin2y = 2y when y is small to obtain x = 8y Bl 1.1b
(11) The value found in (a) is the gradient of the line found in (b)(1) Bl 24
(2)
() Uses their d—yas a function of y and, using both sin® 2y +cos* 2y =1
dx
) . . dy )
and x =4sin2y inan attempt to write — or —as a function of x Mi 21
dx dy :
dy 1
Allow for i COS 2y _\/1
2
A correct answer 4 = L or & =8 1—(5)
dx A% dy 4 Al L1b
si-(5)
d 1
and in the correct form g Al 1.1b
de  24/16-x
)
(7 marks)
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June 2018 Question 5 Paper 1

5. Given that

show that

3sinf T 3
y=-—- __.;:H -
2sinf + 2cosd 4 4

dy A 3
d__4_ ELAPPIE.
d#? 1+ sin26 4 4

where A is a rational constant to be found.

< B\z/ | /J>

(5)
ANSWER
Question Scheme Marks | AOs
5
dy (2sin@+2cos@)3cos@—3sin@(2cos—2sind) Ml I.1b
— Al 1.1b
de (2sin@+2cos )’
Expands and uses sin” @+ cos” @ =1 at least once in the numerator or the
denominator " M 3 1a
oruses 2sinfecos@=sn2f in = & :
dg .....Csmé8cosé
Expands and uses sin” @+ cos” @ =1 the numerator and the denominator
; M1 21
AND uses 2sinfcos@=sin2f in = d—J = L
dd Q+Rsin26
Y3 5 Al | Lib
df 2+2sin2¢ 1+sin26
(5 marks)
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June 2018 Question 9 Paper 1

North
V4

» East

(D

Figure 4
Figure 4 shows a sketch of the curve with equation x* — 2xy + 3)* = 50

(a) Show that & e Ani.2
dx 3_}’ - X (4)

The curve is used to model the shape of a cycle track with both x and y measured in km.

The points P and Q represent points that are furthest west and furthest east of the
origin J, as shown in Figure 4.

Using part (a),

(b) find the exact coordinates of the point P.

(3)

(c) Explain briefly how to find the coordinates of the point that is furthest north of the
origin (). (You do not need to carry out this calculation).

1)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
9 .
@ Either 3y2 — Ay% or 2xy — 2x%+ 2y M1 2.1
dy dy
2x-2x—-2y+6y—=0 Al 1.1b
x—2x =2y +6y -
(6}1—2x}%=2y—2x Ml 2.1
dy 2y-2x y-x . N
dv 6y-2x 3y-x Al 116
4)
(b) dy
At Pand Q — — o= | Deduces that 3y—x=0
dx M1 2.2a
Solves ¥ = %x and x* —2xy+3y" =50 simultaneously M1 3.la
5
= x=(+)53 OR :>y=(i)§vr?: Al 1.1b
. 1
Using y=3x —x=.. AND y=. dM1 1.1b
T
P=[—5J‘,—§J§] Al 2.2a
(5)
(c) Explains that you need to solve y =x and x* —2xy+3y* =50 Bl 24
simultaneously and choose the positive solution '
(1)
(10 marks)
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June 2018 Question 9 Paper 2

9. Given that § is measured in radians, prove, from first principles, that

i(casﬁ] = —sinf
da -

sinh cosh — 1
You may assume the formula for cos(4 £ B) and thatas h — 0, sm — | and cosh -0
(5)
ANSWER
Question Scheme Marks | AOs
9 i{c:m-;l‘;i):—simé"; as h—)(],ﬂ—:rl and 1710
de h
cos(f + :f:] —cosf B1 21
[
_ cos@cosh — sin@sin h—cos 0 Ml 1.1b
B h Al I.1b
=— sk sinf + [th_ I ]cosﬁ
h h
As h—>0, —Sinhsinﬂ +£Cosf_l]cosf? —» —1sin@+Ocos & dM1 2.1
1
S0 i(-.:-:)515‘)=—sim§‘ * Al* 2.5
deg
(5)
(5 marks)
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