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Ch. 7: Trigonometry and Modelling

June 2023 Question 15 Paper 2

15. A student attempts to answer the following question:

< B\z/ | /J>

Given that x is an obtuse angle, use algebra to prove by contradiction that

sinx — cosx = 1

The student starts the proof with:

Assume that sinx — cosx < 1 when x is an obtuse angle
= (sinx — cosx)’ < 1

The start of the student’s proof is reprinted below.

Complete the proof.

3)
Assume that sinx — cosx < 1 when x is an obtuse angle
= (sinx — cosx)’” < 1
ANSWER
Question Scheme Marks AOs
15 (sinx—cosx)2<l:>sin3x—28inxcosx+coszx (<1)oe. M1 1.1b
Examples:
1-2sinxcosx< 1, 1-sin2x<1l, —=2sinxcosx <0, —sin2x<0 Al 2.2
As x is obtuse then —2sin xcosx is positive because sinx >0 and cosx <0

so we have a contradiction. Al* 2.4

Therefore sinx—cosx > 1 *

(3 marks)
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June 2023 Question 14 Paper 2
14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2tanf(8cosf + 23 sin’ ) = 8sin26(1 + tan’ 6)
may be written as
sin20(Acos” @+ BeosO + C) =0

where 4, B and C are constants to be found.

3)
(b) Hence, solve for 360° < x < 540°
2tanx(8cosx + 23sin’ x) = 8sin2x (1 + tan” x) xeR x=450°
4)
ANSWER
Question Scheme Marks AOs
14 i
(@) e.g. 2Smg(8(:036—%23(1—(:052 9))=8x2sin90056‘sec29 B1 1.2
cos

2 tan &(8 cos @ + 23sin’ A) = 8sin 2@ sec’ &
= 2sinfcos A(8cos @ +23(1—cos’ #)) = 8sin 20 2.1
sin20(8 cos @ + 23(1 — cos” 8)) = 8sin 20 222

sin 20(23cos’ 0 —8cos 0 —15) =0 MI1Al
3
(b) sin 2x(23cos’ x —8cosx—15) =0
sin2x=0=x=360° or 540° B1 2.2a
23cos2x—8cosx—15:>cosx:—;—53 M1 1.1b
cosx——ED X = dM1 I.1b
TRt .
x=360°, 540° and awrt 491° only Al 2.3
“)
(7 marks)
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June 2023 Question 8 Paper 2
8. (a) Express 2cos@ + 8sin@ in the form Rcos(0 — a), where R and a are constants,
R>0and 0<a< %

Give the exact value of R and give the value of a in radians to 3 decimal places.

3)
The first three terms of an arithmetic sequence are
COSX cosx + sinx cosx + 2sinx XEnT
Given that S, represents the sum of the first 9 terms of this sequence as x varies,
(b) (1) find the exact maximum value of §;
(1) deduce the smallest positive value of x at which this maximum value
of S, occurs.
3)
ANSWER
Question Scheme Marks | AOs
2cos@+8sinf = RcosOcosex + Rsinfsin &
2:Rcosa8 8=Rsina M1 | L1b
tanax =—= a =...
2

a = awrt 1.326 Al |2.2a

3)
(b)(i) 4.5x" 217" M1 | 1.1b
917 Al |22a
(i) awrt 1.33 Bift | 2.2a

3)
(6 marks)
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June 2023 Question 13 Paper 1

13. On a roller coaster ride, passengers travel in carriages around a track.
On the ride, carriages complete multiple circuits of the track such that
* the maximum vertical height of a carriage above the ground is 60 m
* a carriage starts a circuit at a vertical height of 2m above the ground
* the ground is horizontal

The vertical height, Hm, of a carriage above the ground, ¢ seconds after the carriage
starts the first circuit, is modelled by the equation

H=a—b(t—20)

where a and b are positive constants.

(a) Find a complete equation for the model.

3)
(b) Use the model to determine the height of the carriage above the ground when = 40
(1
In an alternative model, the vertical height, -/ m, of a carriage above the ground,
t seconds after the carriage starts the first circuit, is given by
H=29cos(9t+ a)° +p 0 <a<360°
where « and £ are constants.
(¢) Find a complete equation for the alternative model.
2)
Given that the carriage moves continuously for 2 minutes,
(d) give a reason why the alternative model would be more appropriate.
(1)
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ANSWER
Question Scheme Marks AOs
13(a) a=60 Bl 3.1b
2="60"-h(-20) =>b=... Ml 34
H =60-0.145(t — 20)° Al 33
3
(b) Height=2m B1 34
(1)
(c) a =180 or g =31 Ml 3.4
H =29cos(9r+180)°+31 Al 33
(2)
(d) e.g. “The model allows for more than one circuit” Bl 3.5a
43}
(7 marks)
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June 2022 Question 9 Paper 2

Figure 4 Figure 5

Figure 4 shows a sketch of a Ferris wheel.

The height above the ground, //m, of a passenger on the Ferris wheel, t seconds after
the wheel starts turning, is modelled by the equation

H = |Asin(bt + a)°|
where 4, b and o are constants.
Figure 5 shows a sketch of the graph of /H against ¢, for one revolution of the wheel.

Given that

» the maximum height of the passenger above the ground is 50m
» the passenger is 1 m above the ground when the wheel starts turning

« the wheel takes 720 seconds to complete one revolution

(a) find a complete equation for the model, giving the exact value of 4, the exact value
of b and the value of « to 3 significant figures.

4
(b) Explain why an equation of the form
H=|Asin(bt + a)°| +d
where d is a positive constant, would be a more appropriate model.
(1)
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ANSWER
Question Scheme Marks AOs
@) Deduces that 4 =+50 or b :% Bl 34
Deduces that 4 =+50 and b :% Bl 34
Uses t=0H=1=a=.. Eg 1="50"sin(a¢)° = a=.. M1 34
(1 o
H= ijﬂsm[zr+l.15) Al 33
4)
(b) E.g. the minimum height above the ground of the passenger
on the original model was 0 m B1 1.5b
or
Adding “d” means the passenger does not touch the ground.
(1)
(5 marks)

Video solution:

https://youtu.be/MAVbZ55bRtE
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June 2022 Question 14 Paper 1

14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that
2sin(x — 60°) = cos(x — 30°)
show that

tanx = B\E

4)
(b) Hence or otherwise solve, for 0 < § < 180°
2sin26 = cos (20 + 30°)
giving your answers to one decimal place.
(4)
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ANSWER
Question Scheme Marks | AOs
14(a) sin(x—60°) = +sin x cos 60° £ cos x sin 60°
Attempts to use both ) ) MI 2.1
cos(x—30°) =+cos xcos30°sin xsin30°
Correct equation Al 1.1b
2sin xcos 60° — 2 cos x sin 60° = cos xcos 30° +sin xsin 30°
Either uses zﬂr::. = tan x and attempts to make tan x the subject
E.g. (2cos60°—sin30°)tan x = cos 30°+ 2sin 60°
Or attempts sin30° etc with at least two correct and collects terms in M1 2.1
sinx and cosx
33
Eg. [Ex%—%]sinx:{2x€+%]cosx
Proceeds to given answer showing all key steps
Al* 1.1b
E.g. %tanx:%ﬁtanx:}\ﬁ *
(4)
(b) Deduces that x =28+ 60° Bl 2.2a
tan (26 +60°) = 343 = 20+ 60° = 79.1°,259.1°,..... M1 L1b
" 79.1°-60°
Correct method to find one value of 8 E.g 8 T — dMl1 I.1b
# =awrt 9.6°, 99.6° (See note) Al 2.1
(4)
(8 marks)
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November 2021 Question 15 Paper 2

15. (a) Express 2cosf —sin@ in the form Rcos(0+ a), where R>0and 0 < a < %

Give the exact value of R and the value of @ in radians to 3 decimal places.

(3)
H metres
e S Water level
Figure 6
Figure 6 shows the cross-section of a water wheel.
The wheel is free to rotate about a fixed axis through the point C.
The point P is at the end of one of the paddles of the wheel, as shown in Figure 6.
The water level is assumed to be horizontal and of constant height.
The vertical height, H metres, of P above the water level is modelled by the equation
H=3+4cos(0.51) — 25 (0.51)
where ¢ is the time in seconds after the wheel starts rotating.
Using the model, find
(b) (i) the maximum height of P above the water level,
(i1) the value of f when this maximum height first occurs, giving your answer to one
decimal place.

(3)
In a single revolution of the wheel, P is below the water level for a total of T seconds.
According to the model,
(c) find the value of T giving your answer to 3 significant figures.

(Selutions based entirely on calculator technology are not acceptable.)

4)
In reality, the water level may not be of constant height.
(d) Explain how the equation of the model should be refined to take this into account.

(1)
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ANSWER
Question Scheme Marks AOs
15(a) R=45 Bl 1.1b
tan(x—%ﬁrsin(J:% Orcusu:%z.&z:,.. M1 1.1b
o =0.464 Al 1.1b
_ (3)
(b)(i) 3+25 Blft 3.4
(ii) cos(U.SI + 0_464) =1=05t+0464=271
M1 34
=Il=..
t=11.6 Al 1.1b
3)
(© 3+2+/5cos(0.51+0.464) =0
3 M1 34
cos(0.51+0.464) = ———=
25
cos (0.5t +0.464) = —% = 0.5 +0.464 = cos™ [—%J
3 dM1 1.1b
=t=2|cos"'| ———= |-0.464
[ ( 25 ] ]
So the time required is e.g.:
2(3.977..—0.464)—2(2.306..—0.464) dM1 | 3.1
=334 Al 1.1b
4)
(d) e.g. the “3” would need to vary Bl 3.5¢

)]

Video solution:

https://youtu.be/cKe2VWz8jMM
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https://youtu.be/cKe2VWz8jMM

November 2020 Question 6 Paper 1

6. (a) Express sinx + 2cosx in the form Rsin(x + «) where R and a are constants, R > 0

do =
an ":0{2

Give the exact value of R and give the value of & in radians to 3 decimal places.

(3)
The temperature, #°C, inside a room on a given day is modelled by the equation
6=35 '(ﬁ—r—‘i)Jrz (K—!—"’) 0<t<24
=5 +sin| 57 cos| 15 7+ <t<
where 1 1s the number of hours after midnight.
Using the equation of the model and your answer to part (a),
(b) deduce the maximum temperature of the room during this day,
(1)
(c) find the time of day when the maximum temperature occurs, giving your answer to
the nearest minute.
3)
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ANSWER

Question Scheme Marks AOs
6 (a) R=15 B1 1.1b
tanag=2=>a=.. Ml 1.1b
a=1.107 Al 1.1b

3

.|t
0= 5+J§sm[E+1_107—3]

(b) (5+35)°C orawrt7.24°C BIft 22a

)
© m+1.|07—3:%:>r: M1 3.1b
t=awrt13.2 Al 1.1b
Either 13:14 or 1:14 pm or 13 hours 14 minutes after midnight. Al 32a

3)

(7 marks)
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June 2019 Question 6 Paper 1

6. (a) Solve, for —180° < @ < 180°, the equation

5sin26 = 9tand

giving your answers, where necessary, to one decimal place.

:BW‘:/J/J>

[Solutions based entirely on graphical or numerical methods are not acceptable.]

(b) Deduce the smallest positive solution to the equation

5sin(2x — 50°) = 9tan (x — 25°)

(6)

(2)

ANSWER
Question Scheme Marks AQOs
6(a . . iné
@ 551n29=9tan5‘::~1051n6‘c059=9xSmg
cos M1 3.1a
Acos’@=B or Csin®@=D or Pcos’ @sinf = Osind
For a correct simplified equation in one trigonometric function

Al 1.1b

Eg 10cos’#=9 10sin*@=1 oe

Correct order of operations For example
) 9 dM1 2.1

10cos” @ =9 = @ =arcos(t),|—

Ccos arcos () 00
Any one of the four values awrt @ =+18.4° ,+161.6° Al 1.1b
All four values & =awrt £18.4°,+161.6° Al 1.1b
& =0°,£180° Bl 1.1b

(6)
(b) Attempts to solve x—25°=—18.4° M1 1.1b
x=6.6° Alft 22a
(2)
(8 marks)
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June 2019 Question 12 Paper 1

12. f(x) = 10e "> sinx, x=0

(a) Show that the x coordinates of the turning points of the curve with equation y = f(x)
satisfy the equation tanx = 4

(4)
VoA
0 X
Figure 3
Figure 3 shows a sketch of part of the curve with equation y = f(x).
(b) Sketch the graph of H against t where
H(r) = |10e "> sint| 120
showing the long-term behaviour of this curve.
(2)

The function H(7) is used to model the height, in metres, of a ball above the ground
t seconds after it has been kicked.

Using this model, find

(c) the maximum height of the ball above the ground between the first and second bounce.

3)

(d) Explain why this model should not be used to predict the time of each bounce.

(1)
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ANSWER
Question Scheme Marks AOQOs
12 (a) f(x)=10e " sinx
e . M1 1.1b
=1 (x)=-2.5¢ """ sinx+10e " cos x oc
Al 1.1b
f'{x)=ﬂ:‘5—2.5g/"}ﬁsinr+lﬂry‘m{cosx=ﬂ M1 2.1
Slnxzﬂjtanxzq* Al* 1.1b
cosx 2.5
4)
(b) Y H
"Correct" shape for 2 loops M1 1.1b
Fully correct with Al 1.1b
decreasing heights
| !
(2)
(c) Solves tan x =4 and substitutes answer into  H (¢) M1 3.1a
H(4.47) =|10e*¥ 5in4.47| Ml 1.1b
awrt 3.18 (metres) Al 3.2a
3)
(d) The times between each bounce should not stay the same when the
) X . i Bl 3.5b
heights of each bounce 1s getting smaller
(1)
(10 marks)
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June 2018 Question 8 Paper 1

8. The depth of water, [J metres, in a harbour on a particular day is modelled by the formula

D=5+2sin(30n° 0<rt<24
where [ is the number of hours after midnight.

A boat enters the harbour at 6:30am and it takes 2 hours to load its cargo.

The boat requires the depth of water to be at least 3.8 metres before it can leave the harbour.

(a) Find the depth of the water in the harbour when the boat enters the harbour.

(1)
(b) Find, to the nearest minute, the earliest time the boat can leave the harbour.
(Solutions based entirely on graphical or numerical methods are not acceptable.)
(C))
ANSWER
Question Scheme Marks AOs
8 (a) D =5+2sin(30x6.5)°=awrt 448m with units BI 34
(1)
(b) _ _ M1 I.1b
3.8=5+2sin(30¢)° = sin(30¢)°=-0.6
Al 1.1b
t=10.77 dm1 3.la
10:46 am. or 10:47 a.m. Al 3.2a
(4)
(5 marks)
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