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Ch. 3: The Normal Distribution

June 2023 Question 6

6. A medical researcher is studying the number of hours, 7, a patient stays in hospital
following a particular operation.

The histogram on the page opposite summarises the results for a random sample
of 90 patients.

(a) Use the histogram to estimate P(10 < 7' < 30)

(2)

For these 90 patients the time spent in hospital following the operation had
* amean of 14.9 hours

* astandard deviation of 9.3 hours

Tomas suggests that 7 can be modelled by N(14.9, 9.3%)

(b) With reference to the histogram, state, giving a reason, whether or not Tomas’ model
could be suitable.

(1)

Xiang suggests that the frequency polygon based on this histogram could be modelled
by a curve with equation

y=kxe 0<x<4
where
* x is measured in tens of hours
* kis a constant
(c) Use algebraic integration to show that

I xe'dx=1-(n+1)e"

0

(d) Show that, for Xiang’s model, £ = 99 to the nearest integer.

(e) Estimate P(10 < 7" < 30) using
(i) Tomas’ model of 7~ N(14.9, 9.3%)
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(2)

(i1) Xiang’s curve with equation y = 99xe ™ and the answer to part (c)

The researcher decides to use Xiang’s curve to model P(a < T' < b)
(f) State one limitation of Xiang’s model.
1
Question 6 continued
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ANSWER
Qu 6 Scheme Marks AO
(a) 2x42,4x4,4x35,10x1 (=84+16+14+10=484) MI1 1.1b
[So P(10 <T<30)=] 484)_121_ 0.53777... 0.53~0.54 (2sfOK) | Al 1.1b
90 225
(2)
(b) | (Not suitable as) data is not symmetric or is skew (normal is symmetric) B1 24
(“Even” distribution or a diagram on its own is not enough so B0) (1
(c) Jxe"' (dx) =de( -e ) M1 2.1
= [—xc""'] - J(—c"‘) (dx) (+¢) Al 1.1b
[xe™ (dv)=[-xe™—e™ | =(-ne"—e™")-[-(0)-1] dM1 | 1.1b
0 0
=1-(n+le™ (*) Alcso* [ 1.1b
“4)
(d) . : @ . .
Require area=901.e. &k I xe ™ dx= 90 (ignore limits) M1 3 1a
(L]
Using the result in part (c) with n =4 gives k [I - Se4] =90 MI 2.1
(k=) 99(.0729...) (*) Alcso* | 1.1b
3)
(e)(d) | [P(10<T<30)=] 0.64863... awrt 0.649 B1 1.1b
(1)
(i) | [No. of patients =] (99)[(1—4{:*3)—(1—26')] (=53.1.) M1 34
Prob = W =0.59027...[or 0.5907...] =awrt0.5900r0.591 | A! @ |32
(f) | eg Patients might stay longer than 40 hours Bl 3.5b
(Can ignore other comments unless clearly contradictory.) (1)
( 14 marks)
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June 2023 Question 4

4. A study was made of adult men from region A4 of a country.
It was found that their heights were normally distributed with a mean of 175.4cm and
standard deviation 6.8 cm.

(a) Find the proportion of these men that are taller than 180 cm.

(1)
A student claimed that the mean height of adult men from region B of this country was
different from the mean height of adult men from region 4.
A random sample of 52 adult men from region B had a mean height of 177.2cm
The student assumed that the standard deviation of heights of adult men was 6.8 cm both
for region 4 and region B.
(b) Use a suitable test to assess the student’s claim.
You should
+ state your hypotheses clearly
« use a 5% level of significance
4)
(c) Find the p-value for the test in part (b)
(1
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ANSWER
Qu4 Scheme Marks | AO
(a) | [Let N = height from region 4; P(N > 180) =] 0.24937... awrt 0.249 Bl 1.1b
(0))
(b) | Hy: u=1754 H,:u#1754 Bl 25
[S = height from region B] S ~ N[I?SA,%J Allow o” =awrt 0.889 M1 33
[P(S >177.2)] =0.02814... Al 34
[0.028... > 0.025, Not sig, do not reject H, | Al 2 9b
Insufficient evidence to support student’s claim '
4)
(c) | [p-value = 2x0.02814... =] 0.05628... Blft 12
inrange 0.056~0.06 or 5.6(%)~6(%) ’
(0))
( 6 marks)
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June 2022 Question 1

1. George throws a ball at a target 15 times.
Each time George throws the ball, the probability of the ball hitting the target is 0.48

The random variable X represents the number of times George hits the target in
15 throws.

(a) Find
(i) P(X=3)

(i) P(X = 5)
(3)

George now throws the ball at the target 250 times.

(b) Use a normal approximation to calculate the probability that he will hit the target
more than 110 times.

(3
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ANSWER
Ya)® | y_p(15,0.48) M1l | 33
P(X =3)=0.019668... awrt 0.0197 | A1 | 34
() [P(x=5)=1-P(X<4)]=092013.. awrt 0.920 | A1 | L1b
(3)
(b) Y is the number of hits M is the number of misses
Y ~ N(120,62.4) M ~ N(130,62.4) Bl 3.3
P(X >110)~P(Y >110.5) P(X >110)=P(M <139.5)
110.5-"120" 139.5-"130" Ml 34
=P|Z>— = =P| 7<=
[ [ V'62.4" ﬂ [ ( V"62.4" H
=(.88544. .. Al 1.1b
(3)
(6 marks)

Video solution:

https://youtu.be/pQZFNXX4JDU
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https://youtu.be/pQZFNXX4JDU

June 2022 Question 2

2.

A manufacturer uses a machine to make metal rods.
The length of a metal rod, L cm, is normally distributed with
+ amean of 8cm
* a standard deviation of xem
Given that the proportion of metal rods less than 7.902 cm in length 1s 2.5%

(a) show that x = 0.05 to 2 decimal places.
(2)

(b) Calculate the proportion of metal rods that are between 7.94cm and 8.09cm
in length.

(1)
The cost of producing a single metal rod is 20p
A metal rod
»  where L < 7.94 is sold for scrap for 5p
+  where 7.94 < I < 8.09 1s sold for 50p
* where L > 8.09 is shortened for an extra cost of 10p and then sold for 50p

(c) Calculate the expected profit per 500 of the metal rods.
Give your answer to the nearest pound.

The same manufacturer makes metal hinges in large batches.

The hinges each have a probability of 0.015 of having a fault.

A random sample of 200 hinges is taken from each batch and the batch 1s accepted if
fewer than 6 hinges are faulty.

The manufacturer's aim is for 95% of batches to be accepted.

(d) Explain whether the manufacturer is likely to achieve its aim.

4
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ANSWER
' Qu Scheme | Marks  AOs
M p(2<7.902)=0.025=] 729278 L g.0c MI 34
x
[x=]0.05% Aleso*  L.1b
SC B1( mark as MOA1) for % =-1.96 = 0.024998
(2)
(b) | P(7.94<L<8.09)=0.8490... awrt 0.849 BI 1.1b
(1)
(©) [P(L <7.94)=] 0.115069...(awrt 0.115) or [P(L >8.09) =] 0.03593...(awrt 0.036) Bl  1.1b
[P(L<7.94)=] 0.115069...(awrt 0.115) & [P(L >8.09) =] 0.03593...(awrt 0.036)  BI 1.1b
Expected income per 500 rods = Z([ncome % probability x 500}
(500x"0.849"%0.5)+(500%"0.1150..."x 0.05) +(500%"0.03593..."x 0.4 ) or M1 14
Expected profit per rod = Z(Pl‘oﬁt x probability) .
0.30x"0.849"+—0.15%x"0.1150..."+0.20x"0.03593..." |= 0.2446..]
Expected profit per 500 rods
500x E(Proﬁtxpmbabi]ity} urZ(lncomexprcbabilitnyUD)—S'DUx{)Q M1d 3.1b
= 500x"0.2446..." or = "222.3"-500x0.2 _ .
=[£]122.3... awrt [£]122 Al 1.1b
(3)
(d) | Let X ~B(200,0.015) M1 33
P(X<5)= P(X>=6)= Ml I.1b
09176... 0.0824 Al 1.1b
Manufacturer is unlikely to achieve their | Manufacturer is unlikely to achieve their Alft 24
aim since 0.9176 < 0.95 aim since 0.0824 > 0.05 '
4)
Notes: (12 marks)

Video solution:

https://youtu.be/JbKRjbZgFj8
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November 2021 question 5

5. The heights of females from a country are normally distributed with

« amean of 166.5¢m
* g standard deviation of 6.1 cm

Given that 1% of females from this country are shorter than kcm,

(a) find the value of &

(2)
(b) Find the proportion of females from this country with heights between 150cm
and 175¢m
(1)
A female, from this country, is chosen at random from those with heights between
150¢m and 175¢m
(c¢) Find the probability that her height is more than 160 cm
4
The heights of females from a different country are normally distributed with a standard
deviation of 7.4cm
Mia believes that the mean height of females from this country is less than 166.5¢cm
Mia takes a random sample of 50 females from this country and finds the mean of her
sample is 164.6cm
(d) Carry out a suitable test to assess Mia’s belief.
You should
» state your hypotheses clearly
» use a 5% level of significance
4
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ANSWER
Qus Scheme Marks | AO
(@) [Let F ~N(166.5, 6.11)] P(F<k)=0.01 :%:—23263 M1 34
k=152.309... 152 or awrt 152.3 Al 1.1b
(2
(b) | [P(150<F<175)=] 0.914840... awrt 0.915 Bl 1.1b
(1)
(¢) | P(F>160]|150<F<175) M1 3.1b
P(160 < F <175) P(160 < F <175)
= or M1 1.1b
P(150 < F <175) "(b)"
0.7749487...
©"0.91484.." Al LIb
=0.84708... awrt 0.847 Al 1.1b
4
(d)| Hy: u=166.5 H,:u<166.5 Bl 2.5
- 74
Let X = height of female from 2" country] X ~ N| 166.5,| —— M1 33
[ g y] { [ \@] ]
P()? <164.6):0.034T2... Al 34
[0.0347... <0.05 so significant or reject Ho) dA1 7%
There is evidence to support Mia’s belief ’
4
( 11 marks)

Arancha Ruiz
Copyriah-l- 2023 © Better your Maths

12



October 2020 question 5

5. A health centre claims that the time a doctor spends with a patient can be modelled by a
normal distribution with a mean of 10 minutes and a standard deviation of 4 minutes.

a) Using this model, find the probability that the time spent with a randomly selected
g P ty P y
patient is more than 15 minutes.

(1)

Some patients complain that the mean time the doctor spends with a patient is more than
10 minutes.

The receptionist takes a random sample of 20 patients and finds that the mean time the
doctor spends with a patient is 11.5 minutes.

(b) Stating your hypotheses clearly and using a 5% significance level, test whether or
not there is evidence to support the patients’ complaint.

4

The health centre also claims that the time a dentist spends with a patient during
a routine appointment, 7 minutes, can be modelled by the normal distribution
where T~N(5, 3.5%)

(¢) Using this model,

(i) find the probability that a routine appointment with the dentist takes less than 2
minutes

(1)
(i) findP(T<2|T > 0)
3)

(iii) hence explain why this normal distribution may not be a good model for T.

(1)
The dentist believes that she cannot complete a routine appointment in less than 2 minutes.

She suggests that the health centre should use a refined model only including values
of T>2

(d) Find the median time for a routine appointment using this new model, giving your
answer correct to one decimal place.

B
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ANSWER
Qus Scheme Marks | AO
(a) | {Let X = time spent, P(X'> 15)=} 0.105649... awrt 0.106 Bl L.1b
(1)
(b)| H,:u=10 H, :u>10 Bl 2.5
A_’~N[IU{%J ]; P(X >11.5) =0.046766... [Condone 0.9532...] MIL:AL | 3.3;34
[This is significant (< 5%) so | there is evidence to support the complaint Al 2.2b
4)
(©)() | [P(T<2)=] 0.1956... awrt 0.196 Bl 1.1b
(1)
)] Require 2O<T<2) _ 01O 1529055 awrt 0.129 ML | 3.4
P(T > 0) 0.923436... AL:Al | L1bx2
3)
(iii) | The current model suggests non-negligible probability of T values < 0 which | Bl 3.5b
is impossible
(1)
(d) | Require ¢ such that P(T>¢| T>2)=0.5 or P(T<¢|T>2)=0.5 M1 3.1b
P(T >1) - Ml1; | L.1b
g ——=05; P(T=1=0.5x[1- P(T=1)=0.5x0.8043.. ’ :
& pr>2) s0 P(I'>£=05xL1 ~(e)] ar™(T>5)=0.x Alft |34
I -
[i.e. P(T>1)=0.40... implies] 35 0.2533 or P(T<1)=*0.5978..” M1 1.1b
t=5.886... or from calculator 5.867... so awrt 5.9 Al (5)] 1.1b
( 15 marks)
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June 2019 question 2

2.

I l |

r—r— 71 T 1 T 1T 1 1 1 1 1 1T 1T 1T 1T T T T T T T T T 1
7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
Temperature (°C)
Figure 1

The partially completed box plot in Figure | shows the distribution of daily mean air
temperatures using the data from the large data set for Beijing in 2015

An outlier is defined as a value
more than 1.5 % IQR below Q, or
more than 1.5 x IQR above Q,

The three lowest air temperatures in the data set are 7.6°C, 8.1°C and 9.1°C
The highest air temperature in the data set is 32.5°C

(a) Complete the box plot in Figure 1 showing clearly any outliers.
(4)

(b) Using your knowledge of the large data set, suggest from which month the two
outliers are likely to have come.

&

Using the data from the large data set, Simon produced the following summary statistics
for the daily mean air temperature, x °C, for Beijing in 2015

n=184 Y x=41536 S_=4952.906

(¢) Show that, to 3 significant figures, the standard deviation is 5.19°C
(1)

Simon decides to model the air temperatures with the random variable

T~ N(22.6, 5.19?)

(d) Using Simon’s model. calculate the 10th to 90th interpercentile range.

Simon wants to model another variable trom the large data set for Beijing using a
normal distribution.

(e) State two variables from the large data set for Beijing that are not suitable to be
modelled by a normal distribution. Give a reason for each answer.
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ANSWER
Question Scheme Marks AOs
2(a) IQR =26.6 — 19.4 [= 7.2] Bl 2.1
194 -15="72" [=8.6] or 266 +1.5x=7.2"[=374] M1 1.1b
Plotting one upper whisker to 32.5 and Al L 1b
one lower whisker to 8.6 or 9.1 )
Plotting 7.6 and 8.1 as the only two outliers Al 1.1b
4
(b) October (since it is the month with the coldest temperatures BI 24
between May and October in Beijing) )
(1)
© (o [1952906  or eg (5o [S=_5188.. [=5.19%] Blcso* | 1.1b
184 n
(1)
(d) = (%) L.28(16) LE, =]29.251...0r [F, =]15.948... Bl 3.1b
2= 1.2816 = 5.19 29251, = °15.948..° M1 1.1b
= awrt 13.3 Al 1.1b
(3)
(e) Daily mean wind speed/Beaufort conversion since it is qualitative Bl 24
Rainfall since it is not symmetric/lots of days with 0 rainfall Bl 24
(2)
(11 marks)
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June 2019 question 5

5.

A machine puts liquid into bottles of perfume. The amount of liquid put into each bottle,
Dml, follows a normal distribution with mean 25 ml

Given that 15% of bottles contain less than 24.63 ml

(a) find. to 2 decimal places, the value of & such that P(24.63 < D < k) = 0.45

A random sample ot 200 bottles is taken.

(b) Using a normal approximation, find the probability that fewer than half of these
bottles contain between 24.63 ml and Aml
(3)

The machine is adjusted so that the standard deviation of the liquid put in the bottles is
now 0.16ml

Following the adjustments, Hannah believes that the mean amount of liquid put in each
bottle is less than 25 ml

She takes a random sample of 20 bottles and finds the mean amount of liquid to be
24.94ml

(c) Test Hannah's belief at the 5% level of significance.
You should state vour hypotheses clearly.
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ANSWER
Question Scheme Marks AOs
A L Ml | 3.1b
o
[ =]0.357 (must come from compatible signs) Al 1.1b
P(D>k)=0.4o0r P(D<k)=0.6 BI 1.1b
_9
k=25 =10.2533 M1 3.4
'"0.357"
k=awrt 25.09 Al 1.1b
(5)
(b) [¥ ~ B(200, 0.45) —] W~ N(90, 49.5) Bl 3.3
P(Y <100) = P(W < 99.5) =P[Z{M1 M1 34
\f49.5
=09115... awrt 0.912 Al 1.1b
3)
(c) H,: p=25 H,: <25 BI 25
— )
(D ~IN| 25.‘“‘,}i ; M1 3.3
L 200
P(D < 24.94)[= P(Z <—1.677...)] = 0.046766... Al 3.4
p=0.047<005 or z=-1.677... < -1.6449
or24.94 <2494115... MI l.1b
or reject H, /in the critical region/significant
There 1s sufficient evidence to support Hannah’s belief. Al 2.2b
(5)
(13 marks)
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June 2018 Question 5

5. The lifetime, L hours, of a battery has a normal distribution with mean 18 hours and
standard deviation 4 hours.

Alice’s calculator requires 4 batteries and will stop working when any one battery reaches
the end of its lifetime.

(a) Find the probability that a randomly selected battery will last for longer than 16 hours.
(1)

At the start of her exams Alice put 4 new batteries in her calculator.
She has used her calculator for 16 hours, but has another 4 hours of exams to sit.

(b) Find the probability that her calculator will not stop working for Alice’s remaining exams.

(5)

Alice only has 2 new batteries so, after the first 16 hours of her exams, although her
calculator is still working, she randomly selects 2 of the batteries from her calculator and
replaces these with the 2 new batteries.

(c) Show that the probability that her calculator will not stop working for the remainder
of her exams is 0.199 to 3 significant figures.
(3)

After her exams, Alice believed that the lifetime of the batteries was more than 18 hours.

She took a random sample of 20 of these batteries and found that their mean lifetime was
19.2 hours.

(d) Stating your hypotheses clearly and using a 5% level of significance, test Alice’s belief.

(5)
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ANSWER
Qus Scheme Marks AO
(a) | P(L>16)=0.69146... awrt 0.691 Bl 1.1b
()
(b) P(L >20)
P(L>20|L>16)= ———
( | ) P(L>16) Ml 3.1b
_ 0.308537... or 1—(a),=0_4462]_” Alft, }il;
@ = (@ Al :
For calc to work require ([].4-'-1621...}4 =0.03964... awrt 0.0396 ihi'“ ? ib
(5)
(©) | Require: [P(L>4)] x[P(L>20|L>16)]’ Mi lla
= (0.99976...)" x("0.44621...")’ Alft | 11b
=0.19901... awrt 0.199 (*) | Alcso* | 1.1b
(3)
(d)| Hy: g=18 H,:u>18 Bl 2.5
L~N|18 [i]j Ml 33
L] .\]’ﬁ .
P(L >19.2)=P(Z>1.3416...)= 0.089856... Al 3.4
(0.0899 = 5%) or (19.2<19.5) or 1.34 < 1.6449 so not significant Al 1.1b
Insufficient evidence to support Alice’s claim (or belief) Al 3.5a
(5)
( 14 marks)

Arancha Ruiz
Copyriah-l- 2023 © Better your Maths

20



