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Ch. 11: Integration

June 2023 Question 13 Paper 2

13. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Find the first three terms, in ascending powers of x, of the binomial expansion of
B+’

writing each term in simplest form.

4)
(b) Using the answer to part (a) and using algebraic integration, estimate the value of

0.4 6.\:

3+ x)’

0.2

giving your answer to 4 significant figures.

“4)

(c) Find, using algebraic integration, the exact value of

4 6x
(3 + x)°

02

giving your answer in the form aInb + ¢, where a, b and ¢ are constants to
be found.
)
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ANSWER
Question Scheme Marks AOs
13(a) LY
3“[1+§] =3 (l+.x+..x") M1 1.1b
(-2)(5] or w(f] M1 | Lib
3 203
-2 2
[1+i] =1+(-2)(i]+(_2)(_3)[1J Al 1.1b
3 3 21 \3
3'2[1+1J 1 2, x Al 2.1
3) 9 27 27
4)
(b) 1 2x x° 2x 4x* 2%
bxx"| =4 ndy= || -2 2 =
J” {9 27 27 3 9 9 ) ML) LI
39 9 ) 3 27 18 '
{,,x- 4x +x"} =[(0.4)- _404)° | (04) }_((0.2)- 4027 (02) ] aM1 | 31a
3027 18 |, 3 27 18 3 27 18
=awrt 0.03304 or 223 Al 1.1b
6750
4)
(©) Overall problem-solving mark (see notes) M1 3.la
34 _ 34 1
u:3+x:>j3'4f(u)d:::>f 6(u—,3)du: E— {',gdu:>...lnr,‘r+...u'1 M1 1.1b
32 32 u o UUu
34 34
j 6(;:1—3) du = E—Edu36lnu+18u'] Al 1.1b
2 W 2 U
[6lnu+18u' ] = 634+ |- 6m32+ 8 |- ddM1 | 1.1b
12 34 32
17) 45
6ln| — |- — Al 2.1
(16] 136 ¢
S)
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June 2023 Question 11 Paper 2

11.

v

< 20m
Figure 1
A tank in the shape of a cuboid is being filled with water.

The base of the tank measures 20m by 10 m and the height of the tank is 5 m, as shown
in Figure 1.

At time 7 minutes after water started flowing into the tank the height of the water was
hm and the volume of water in the tank was V'm’

In a model of this situation

* the sides of the tank have negligible thickness

« the rate of change of V' is inversely proportional to the square root of /4

(a) Show that

d_ A
dt Jn
where 4 is a constant.
)
Given that
« initially the height of the water in the tank was 1.44m
+ exactly 8 minutes after water started flowing into the tank the height of the water
was 3.24m
(b) use the model to find an equation linking 4 with ¢, giving your answer in the form
3
h* = At + B
where 4 and B are constants to be found.
)
(c) Hence find the time taken, from when water started flowing into the tank, for the
tank to be completely full.
(2)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
(@) ﬂ—200 oe e.g. dh L B1 1.1b
dh 200
dh dh dV k
[E Jdl dr 200 Jn Mi Sila
%:i * %
FPRN Al 2.1
3)
(b) dh A 1 2
—=—=h2dh=|Adt = ..h? = At{+c M1 [.1b
T [ dh= | fe)
2 n_ Al 1.1b
;h =At{+c} oee.g. T = At{+c} .
2
3(1 44)~:/'i><0+c:¢“—1152[ 144] dM1 | 34
125
—(324) =Ax8+"1.152"= A= 0342[ ;38} ddM1 3.1b
3 3
h>=0.513t+1.728 oe e.g. p=213,, 216 Al 33
1000 ]25
(5)
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June 2023 Question 10 Paper 2

10 fx) = 18 here k i it tant
. = w 5 Sitiv '
x+ dx_2) ere k is a positive constan
(a) Express f(x) in partial fractions in terms of 4.
3)
(b) Hence find the exact value of & for which
|
| £ dx=21
4)
ANSWER
Question Scheme Marks | AOs
10(a) . 3kx—18 A B
2. = 3kx—-18=A(x-2)+B 4
£ (x+4)(x—2) x+4 2 (x=2)+B(x+4)
or B1 1.1b
3kx—18 A B
= 3kx—18= 4 4)+B(x-2
(x+4)(x—2] x—2+x+4:> (x+ )+ (x )
6k—18=68B=B=... or —12k—18=-64A= A=...
or
3oc—18=(A+B)x+4B—-24= A+ B =3k, —18=4B-24 ML LIb
= A=... or B=..
2k+3 k-3
) +x—2 Al 1.1b
3)
(b) " " " _ "
J-( 2%+3"  "k-3 de:...ln(x+4)+...]n(x—2) M1 | 12
x+4 x—2
("2k+3")In(x+4)+("k —3") In(x—-2) Alft | 1.1b
("2k +3")In(5)— ("k —3")In(5) = ("k +6")In5 =21 =k =... dM1 | 3.1a
21
k=)""—6
(k=) % Al |22a
4)
(7 marks)
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June 2023 Question 5 Paper 2

5. The curve C has equation y = f(x)

The curve

+ passes through the point P (3, —10)

* has a turning point at P

Given that

Q:zr‘-% +5x+k
dx

where k is a constant,

(a) show that k=12

:BW‘:/J/J>

(2)
(b) Hence find the coordinates of the point where C crosses the y-axis.
3
ANSWER
Question Scheme Marks AOs
S(a) 3 2
23y -93)"+5Q3)+k=0=k=... M1 1.1b
54-81+15+k=0=k=12% or —124k=0=k=12%* Al* 1.1b
(2)
(a) Alternative by verification:
2(3)° -9(3)° +5(3)+12=0 M1 1.1b
54-81+15+12=0 Hencek=12*% Al* 1.1b
(2)
(b) J‘(2x?’ —0x? +5x+l2)clx...x4 +.x0+.x 7+ xt. M1 3.1a
%(3)4—3(3)3+%(3)2+l2(3)+c=—10:>c:... dM1 1.1b
(0, —28) Al 2.2a
&)
(5 marks)
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Copyr‘iah-l- 2023 © Better your Maths




June 2023 Question 1 Paper 1

1. Find

writing each term in simplest form.

x2(2x - 5) dx

4)
ANSWER
Question Scheme Marks AOs
! 1 3 | : 2
! 3L 32 (2x-5) Ly
x*(2x-5)=..x7 +..x7 or = (; ) Ml 1.1b
3 1
207 % Al 1.1b
3 3
3 1
2 2 5 3
27 3 mxit.x? (+0) dM1 I.1b
3 3
5 3
T Al I.1b
15
)
(4 marks)
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June 2022 Question 14 Paper 2

14. (a) Express 3 in partial fractions.
(2x — D(x + 1)
)

When chemical 4 and chemical B are mixed, oxygen is produced.

A scientist mixed these two chemicals and measured the total volume of oxygen
produced over a period of time.

The total volume of oxygen produced, F'm’, ¢ hours after the chemicals were mixed, is
modelled by the differential equation

v 3y
dt =D +1)

where £ is a constant.

Given that exactly 2 hours after the chemicals were mixed, a total volume of 3m’ of
oxygen had been produced,

(b) solve the differential equation to show that

C3-)
o+ (5)

The scientist noticed that

» there was a time delay between the chemicals being mixed and oxygen
being produced

» there was a limit to the total volume of oxygen produced
Deduce from the model
(c) (i) the time delay giving your answer in minutes,

(ii) the limit giving your answer in m’

(2)

Arancha Ruiz
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ANSWER

Question Scheme Marks | AOs

14(a 3 A B
(@) -2 P 4= B=.. Ml | LIb

2x-Dix+1) 2x-1 =x+l1
Either 4=2 or B=-1 Al 1.1b
s = 2 - 1 Al 1.1b
(2x=I)x+1) 2x-1 x+1 ’

(3)
(b)
-[ Ldi":-[ ; Bl l.1a
Vv (2 —1)(t +1)
2 D= m(2r-1) - n(e+1)(4c) Ml | 3.1a
20-1 t+1 '
In¥ =1In(2¢—1)—In(r+1)(+¢) Alft | Llb
Substitutes 1 =2} =3=c=(In3) M1 34
InV =In(2t-1)-In(r+1)+In3

3=, Al* | 21

(t+1)

(5)

Aroncha Ruiz
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June 2022 Question 5 Paper 2

5. The table below shows corresponding values of x and y for y = log, 2x

The values of y are given to 2 decimal places as appropriate.

X 3 4.5 6 7.5 9
¥ 1.63 2 2.26 2.46 2.63

(a) Using the trapezium rule with all the values of y in the table, find an estimate for

9
j log, 2x dx
3
(3)
Using your answer to part (a) and making your method clear, estimate
9
(b) (i) I log, (2x)" dx
3
9
(i1) J. log, 18x dx
3
(3)

Arancha Ruiz
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ANSWER
Question Scheme Marks AOs
S(a) States or uses h=1.5 Bl l.1a
Full attempt at the trapezium rule
M1 1.1b
= Z{1.63+2.63+2x(2+2.26+2.46)|
2
=awrt 13.3 or% Al 1.1b
3)
(b)(i) !
-[ log,(2x)"” dr=10x"13.3"=awrt133 ore.g. % B1ft 2.2a
(ii) 9 9 9
.[ log 18x dx = j log, (9% 2x)dx = j 2+log, 2x dx
3 3 3
9 9 M1 3.1a
= [21:]} +-[ log 2xdx = 18—ﬁ+.[ log . 2xdx=...
1011
Awrt 25.3 .
w or —5 Alft 1.1b
)
(6 marks)

Aroncha Ruiz

Copyriah-l- 2023 © Better your Maths

12



June 2022 Question 16 Paper 1

16.

R

=Y

Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

. 5 . . T
x=8sin°f y=2sin2t+ 3sint 0<t < E

The region R, shown shaded in Figure 6, is bounded by C, the x-axis and the line with
equation x =4

(a) Show that the area of R is given by

J (8 — 8cos4r + 48sin’ rcost)ds

i}

where @ is a constant to be found.

()

(b) Hence, using algebraic integration, find the exact area of R.

(4)

Arancha Ruiz
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ANSWER
Question Scheme Marks | AOQOs
16 (a) | Attempts
}-‘.%:[25&12!+3Sin.’]x165in.’cosr and uses sin 2f = 2sin{cos{ M1 2.1
Correct expanded integrand. Usually for one of
(R)= [ 48sin’ rcosr+16sin’ 2t ds
[R}:J 48sin’ tcost + 64sin’ rcos’ 1 dr Al L.1Ib
[R}:J 24sin2rsint +16sin’ 27 dr
Attempts to use cos4r:1—25in12.':(I—Rsinzrcoszr] M1 1.1b
R:I“R—Scos-’h+485in2fcosrdr * Al* | 21
]
Deduces a :% Bl 22a
(3)
b ) \
(b) j 8—8cos4r+48sin” rcost dr =8 —2sin4s +16sin” ¢ M 21
Al l.1b
L T5 M1 2.1
[s;—zsin4r+msin-‘:]: N YION ] K
4)
(9 marks)
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June 2022 Question 12 Paper 1

12. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Show that

cl
j Inxdx = ae* + b
1

where ¢ and b are rational constants to be found.

()
ANSWER
Question Scheme Marks AQOs
12 . d_x41 £ ld
X' x! M1 I.1b
=g Inx—1z(+c) Al 1.1b
L'-1 3 x4 x-‘l ¢ e'&- ezs 14
’ = =— —— =| =— 1—— — —— M1 2.1
j-]xlnxdx 4lnx T 4lne T T
1
7 s 1
-lﬁe +llﬁ Al I.1b
(5)
(5 marks)
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June 2022 Question 4 Paper 1

6.3

4. (a) Express lim —d&x as an integral.
dor—) "

X
=21

:BV:/J/J>

(1)
(b) Hence show that
6.5
lim E gﬁ_r =Ink
dr— i) X
x=21
where £ is a constant to be found.
(2)
ANSWER
Question Scheme Marks AOs
4(a 6.3 .3
@ . 2 )
lim —dx = —dx Bl 1.2
=0 X . X
x=2.1 =1
(1)
(b) = [2Inx].} =21n6.3-2In2.1 M1 1.1b
=In9 CSO Al I.1b
(2)
(3 marks)

Aroncha Ruiz
Copyriah-l- 2023 © Better your Maths

16



November 2021 Question 11 Paper 1

11.

=Y

Figure 2

Figure 2 shows a sketch of part of the curve with equation
y=(lnx)" x>0

The finite region R, shown shaded in Figure 2, is bounded by the curve, the line with
equation x = 2, the y-axis and the line with equation x = 4

The table below shows corresponding values of x and y, with the values of y given to 4

decimal places.

X 2 2.5 3 3.5 4
¥ 0.4805 0.8396 1.2069 1.5694 1.9218

(a) Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 3 significant figures.

3)
(b) Use algebraic integration to find the exact area of R, giving your answer in the form
y= a(ln}l)l +bhIn2 +c¢
where a, b and ¢ are integers to be found.
)

Arancha Ruiz
Copyriah-i- 2023 © Better your Maths
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ANSWER
Question Scheme Marks | AOs
11(a) h=0.5 Bl 1.1b
A:éx%{ﬂ_‘fw(}i+l.9218+2[U.8396+1.2069+1.5694)} M1 1.1b
=241 Al 1.1b
(3)
(b) 2 2 2Inx M1 3.la
I(Inx} dx = x(Inx) Ixx . dx Al 1 1h
= x[lnx}l —ZIln_\“ dx = x(In x)2 —2(_\"111_1"—J-dx)
. i dM1 | 2.1
=x(lnx)‘—2_[lnx dy=x(Inx) —2xInx+2x
4 2 a9 4
L (Inx) dxz[x(]nx}' —2xInx+ 2.{1
=4(In4)"—2x4In4+2x4-(2(In2)" ~2x2In2+2x2) ddM1 | 2.1
=4(2In2) - 16 2+8-2(In2)’ +4In2—4
=14(In2)" ~12In2+4 Al | Llb
()
(8 marks)

Aroncha Ruiz
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November 2021 Question 12 Paper 2

12. (a) Use the substitution # = 1 ++/x to show that

L&
X
_[J 1++/x

where p and ¢ are constants to be found.

(b) Hence show that

16
X
_L 1+x

where A and B are constants to be found.

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths
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ANSWER
Question Scheme Marks AOs
12(a)
u:1+\/;:>x:(u—l}2:>‘;£:2(u—l]
U '
or Bl 1.1b
1
u=1+x = ﬂ:—.x 2
J. —1)du
M1 2.1
—1
I I+J— = —><21 duJ‘ I - du
X
dx = Al 1.1b
J. l+\/;
i}
(3)
®) P 3w+ 3u—1 1 -
Zj‘ oz ou o du—2j (113—3u+3——]du:... M1 31a
u u
w o 3w’
=(2) ———+3u—-Inu Al 1.1b
() - }
5 3(5) [1 3 )
=2 —————+3(5)-In5—-| ——=+3-1Inl .
[3 5 (5) 175 M1 | 2.1
—g—zl 5 Al 1.1b
4)
(7 marks)

Aroncha Ruiz
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November 2021 Question 14 Paper 2

14.

hmI Sm

T 4
Im

“ 8m »

Figure 5

Water flows at a constant rate into a large tank.

The tank is a cuboid, with all sides of negligible thickness.

The base of the tank measures 8m by 3m and the height of the tank is Sm.
There is a tap at a point 7" at the bottom of the tank, as shown in Figure 5.

At time f minutes after the tap has been opened
+ the depth of water in the tank is # metres
+ water is flowing into the tank at a constant rate of 0.48 m* per minute

* water is modelled as leaving the tank through the tap at a rate of 0.1hAm® per minute

(a) Show that, according to the model,

dh
1200 — =24 —5h
dr
4)
Given that when the tap was opened, the depth of water in the tank was 2m,
(b) show that, according to the model,
h=A+Be"
where 4, B and k are constants to be found.
(6)
Given that the tap remains open,
(c) determine, according to the model, whether the tank will ever become full, giving a
reason for your answer.
(2)

Arancha Ruiz
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ANSWER

Aroncha Ruiz

Question Scheme Marks AOs
14(a) dl.f:0_48—0_1h. Bl 3 1b
dz
di de 1
I =24h =24 Of —=—
~ dh dr 24 Bl | 3.Ib
dh _dV _dh _0.48-0.1k
d¢ de dV 24
oreg. MI 21
AV _dVdh . o48—0.1n=249"
dt dh drt di¢
dh
12005224—5}1* Al* 1.1b
(4)
(b)
12004 — 24 55— | 2% = | ar
dr 24 -5h
= eg. aln(24-5h)=1(+c) oe
M1 3. la
or
12009 — 24 5 — 9 _ 1200
dr dh 24-5h
= eg. t(+c)=aln(24-5h) oe
t =-2401n(24-5h)(+c) ce Al | Llb
I:O,h:2:>0:—2401n(24—10]+c:>c:___(2401nl4) M1 3.4

Copyr‘iah-l- 2023 © Better your Maths
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{22401n(14)—240h1(24—5h) Al 1.1b
t=240In 14 - - 14 e = 14
24-5h 240 24 -5h 24 -5h ddM 1 71
= 14e 7 =24-5h=>h=_.
h=48-28¢ e, h=ii_%e-ﬁ Al | 33
(6)
(c) Examples:
i
o Astowme ¥ 0
e Whenh =48, %ﬁzﬂl
[
o Flowin=flowoutatmax hso 0.1h=48 > h=48
! Ml 3.1b
e Ase ™ >0, h<48
h=5 .l 0.02 or d !
L = _— — T e —
AP dr 1200
e Yo n_as
di
o h=5=48-28e T =5=¢ W <0
e The limit for 4 (according to the model) 1s 4.8m and the tank
is 5m high so the tank will never become full Al 392
e If =5 the tank would be emptying so can never be full o
e The equation can’t be solved when £ =5
(2)

Video solution:

https://youtu.be/TNLQCDmMVgpM

Aroncha Ruiz

Copyr‘iah-l- 2023 © Better your Maths

23



https://youtu.be/TNLQCDmVqpM

November 2020 Question 8 Paper 1

8. A new smartphone was released by a company.

The company monitored the total number of phones sold, », at time ¢ days after the

phone was

released,

The company observed that, during this time,

Use this information to write down a suitable equation for n in terms of 7.

the rate of increase of n was proportional to n

(You do not need to evaluate any unknown constants in your equation.)

(2)
ANSWER
Question Scheme Marks AOs
8 Any equation involving an exponential of the correct form. M1 31
See notes ’
n=Ae (where 4 and k are positive constants) Al 1.1b
(2)
(2 marks)

Aroncha Ruiz
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November 2020 Question 10 Paper 1

10. (a) Use the substitution x =’ + 1 to show that

Im 3dx __J“ 6 du
(r=D(E+2vx-1) J,u(3+2u)

where p and ¢ are positive constants to be found.

4
(b) Hence, using algebraic integration, show that
JIIU 3 dx .
=Ina
s (-3 +2dx-1)
where ¢ is a rational constant to be found.
(6)

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths
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ANSWER
Question Scheme Marks AOs
10 (2) x=u" +1=>dx=2udu o€ Bl I.Tb
Full substitution 3dx 3x2u du
SuDs =1 M1 1.1b
(x=D)(3+2vx—1) J («* +1-1)(3+2u)
Finds correct limitse.g. p=2,g=3 Bl 1.1b
_ | 3x2ddu bdu INE 2.1
;4’1'{{3+2:¢} u(3+2u)
&)
(b) 6 A B
7:—4——:}.“:...,8:”.
u(3+2u) u 3+2u Ml 11b
C t PF 2 4 Al 1.1
orrect PF, ———=——
w(3+2u) uw 3+2u b
6 du dM1 3.la
———=2Inu-2In(3+2 +c
J.u[3+21.':] nu-2n(@3+u) () Alft | LIb
Uses limits 1 ="3" x4 ="2" with some correct In work
. M1 l.1b
leading to kInb  E.g. {2]n3—2]n9]—[21n2—2]n?]:21n%
lnﬂ Al 21
36
(6)
(10 marks)

Video solution:

https://youtu.be/ts194ty27S8

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths
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November 2020 Question 14 Paper 1

14. A large spherical balloon is deflating.
At time ¢ seconds the balloon has radius 7¢m and volume Fem’®
The volume of the balloon is modelled as decreasing at a constant rate.

(a) Using this model, show that

where k 1s a positive constant.
(3)
Given that
e the initial radius of the balloon is 40 cm
e after 5 scconds the radius of the balloon is 20cm
® the volume of the balloon continues to decrease at a constant rate until the

balloon is empty

(b) solve the differential equation to find a complete equation linking » and ¢.

)

(c) Find the limitation on the values of # for which the equation in part (b) is valid.

(2)

Arancha Ruiz
Copyriah-i- 2023 © Better your Maths



ANSWER
Question Scheme Marks | AOs
14 (a) Uses the model to state [11:1_1 = —¢ (for positive constant c) Bl 3.1b
I
Uses dr = ﬁ x d_r with their ﬁ = _cand dr = dar’
de dr dr ds dr M1 2.1
, dr dr c k
—c=4drr’x—=—=—-——=—-— % Al* 22
cmnn dr dr dar- r ?
3)
b . : .
() a__ i — .[ ridr = I_kd ¢ and integrates with one side "correct" M1 21
de r- '
}_3
?=—kr{+a) Al 1.1b
Uses t=0,r=40= ¢z = ... a:64200 M1 1.1b
Uses t=5r=20& a=..=k=_. Ml 34
= 64000—-11200¢ or exact equivalent Al 33
(5)
(c) Uses the equation of their model and proceeds to a limiting value for ¢ M 14
Eg "64000-11200"...0 =1... '
For times up to and including 40 seconds Alft 3 5h
7
(2)
(10 marks)

Video solution:

https://youtu.be/lvzf21s7C4E

Aroncha Ruiz
Copyr‘iah-l- 2023 © Better your Maths

28



https://youtu.be/lvzf21s7C4E

November 2020 Question 1 Paper 2

I The table below shows corresponding values of x and y for y = I al
+x
The values of y are given to 4 significant figures.
X 0.5 1 1.5 2 25

v | 05774 0.7071 0.7746 0.8165 0.8452

(a) Use the trapezium rule, with all the values of y in the table, to find an estimate for

J. 1+x

giving your answer to 3 significant figures.

3)
.5
. . Ox
(b) Using your answer to part (a), deduce an estimate for J‘ 1 dx
+ x
05
(1)
Given that
15
ox dx =4.535 to 4 significant figures
o5 I+ x
(c) comment on the accuracy of your answer to part (b).
(1)
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ANSWER
Question Scheme Marks | AOs
1(a) h=05 B1 1.1a
05,
,4r.u.7{{).5??4+{J.8452+2{(],?{}71+[l_??4(1+[],81ﬁ5}} M1 1.1b
=awrt 1.50 Al 1.1b
For reference:
The integration on a calculator gives 1.511549071
The full accuracy for y values gives 1.504726147
The accuracy from the table gives 1.50475
3)
(b) 3 x their (a)
It (a) 1s correct, allow awrt 4.50 or awrt 4.51 even with no working,
Only allow 4.5 if (a) 15 correct and working is showne.g. 3 x 1.5
Blft 2.2a
If (a) 1s incorrect allow 3 x their (a) given to at least 3sf but do not be too
concerned about the accuracy (as they may use rounded or rounded value
from (a))
For reference the integration on a calculator gives 4.534647213
(n
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(c)

This mark depends on the B1 havine been awarded in part (b) with
awrt 4.5
Look for a sensible comment. Some examples:
e The answer is accurate to 2 sf or one decimal place

e Answer to (b) is accurate as 4.535 == 4.50

e Very accurate as 4.535t0 2 sfis 4.5

o 451425 <4535 so my answer 15 underestimate but not too far off
e [t is an underestimate but quite close

e [tisavery good estimate

e High accuracy

e (Quite) accurate

e tis less than 1% out

e 4.535-4.5=0.035 so not far out Bl | 3.2b
But not just “it is an underestimate™
or
Calculates percentage error correctly using awrt 4.50 or awrt 4.51 or 4.5
(No comment is necessary in these cases although one may be given)
Examples:
4.535-4.50 o, or [4335-451 o OF
4.535-4.51425 ) 4.50 ’
YT « 100 =0.46% OF Im x100 = 99%
In these cases don’t be too concerned about accuracy e.g. allow 1sf.
This mark should be withheld if there are any contradictory
statements
)
(5 marks)
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November 2020 Question

6. (a) Given that

xellk x# -2

find the values of the constants 4, B and C

3)
(b) Hence, using algebraic integration, find the exact value of
L] >
T+ Bx -3
X+ 8x = &
. X+2
giving your answer in the form a + bIn2 where a and b are integers to be found.

(4)
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ANSWER
6(a) X +8x-3=(Ax+B)(x+2)+C or Ax(x+2)+B(x+2)+C
= A4=....B=....C=..
or
—x16 Ml I.1b
Jc+2)|x‘+8.‘r—3
X +2x
6x—3
bx+12
—~15
Twoof 4=1,B=6,C=-15 Al 1.1b
Allthreeof 4=1,8=6,C=-15 Al 1.1b
(3)
6(h) 2
@dx: x+6— 15 dx:...—ISIn{x+2) MI l.1b
x+2 x+2
:%x2+6x—151n(x+2) (+c') Alft 1.1b
"X +8x-3 ‘
-+ — il
IO = [lx2+6x—151n{x+2)]
. x+2 2 o
= (18 + 36 — 15In8) — (0 + 0 — 151n2) MI 2.1
=18+36—(15-45)In2 ore.g. 18+36+151r1(§)
=54 -301In2 Al I.1b
4)
(7 marks)
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November 2020 Question 12 Paper 2
12,

VA

=Y

Figure 3
The curve shown in Figure 3 has parametric equations

x=06sin{ v=35sin2f

ir
0<st<
The region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.

-

(a) (i) Show that the area of R is given by J

“60sinfcos? ¢ dr
1]

(3)

(ii) Hence show, by algebraic integration, that the arca of R is exactly 20
VA

(3)

=Y

Figure 4
Part of the curve is used to model the profile of a small dam, shown shaded in Figure 4.
Using the model and given that
L ]

x and y are in metres
®

the vertical wall of the dam 1s 4.2 metres high
.

there is a horizontal walkway of width MN along the top of the dam
(b) calculate the width of the walkway.
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ANSWER
Question Scheme Marks AOs
12(a)(i) dx . o A
i — R N . g ..
'“(dr Ssin2fxbeost or Sx2sinfcostxbeost M1 |2
(Area=) | Ssin2tx6costdi= | Sx2sintcostx6costds
or dM1 1.1b
Ssin2¢x6costds = | 60sin¢cos® ¢ dt
(Area=).|‘2603inrcuszrdr * Al* 2.1*
1]
3
(a)(ii) . , ; MI 1.1b
sinfcos” £ df =-20cos’ '
Jﬁ[}sm cos f dt Ocos™t Al L 1b
Area = [-20cos’ 1 |* =0-(-20)=20 * Al* 2.1
3)
() 58in2t=42=sin2r = 4.2 M1 34
t=04986...,1.072... Al 1.1b
Attempts to finds the x values at both ¢ values dM 1 34
.E:U.4986...:>x:2:8f:-9,,. Al b
t=1072=x=5.269...
Width of path = 2 40 metres Al 32a
5
(11 marks)
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June 2019 Question 13 Paper 1

13. The curve C with equation

y:p_—:’;x IER,X¢—3,I¢2
(2x — g)(x + 3)

where p and g are constants, passes through the point (3, l] and has two vertical asymptotes
with equations x = 2 and x = -3 2

(a) (1) Explain why you can deduce that g = 4

(i1) Show that p =15
(3)

Figure 4

Figure 4 shows a sketch of part of the curve C. The region R, shown shaded in Figure 4,
is bounded by the curve C, the x-axis and the line with equation x = 3

(b) Show that the exact value of the area of R is aln2 + b1n3, where a and b are rational
constants to be found.

(8)
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ANSWER
Question Scheme Marks AOs
13 (a) (1) Explains 2x — g =0when x=20e Hence g=4 * Bl#* 2.4
(i1) Substitutes | 3 l into v_p——lr and solves M1 1.1b
2 )" Y T =) (x +3) '
1 p-9 B ew
5_(2]x(6):>p 9=6=>p=15 Al* 2.1
3)
(b) Attempts to write %in PF's and integrates using Ins M1 3.1a
between 3 and another value of x.
15-3x A .
= leading to 4 and B
(2x-4)(x+3) (2x-4) (x+3) reoam Ml 1.1b
15-3x 18 B 24 or 0.9 B 2.4 oc I L1b
(2x-4)(x+3) @x—4) (x+3) (-2) (x+3) A -
[ 15-3x
I= | —————dx=mhn(2x—-d+nln(x+3)+(c) —— Ml 1.1b
| Fermrers (2x—4)+nln(x+3)+(c)
[ 15-3x
I = dx=0.9In(2x-4)-2.4In(x+3) oc Alft 1.1b
J (2x-4)(x+3)
5
Deduces that Area Either 15-3x
(2x-4)(x+3)
3 Bl 2.2a
Uses correct In work seen at least once for In6=In2+In3 or
In8=3In2
dM 1 2.1
[0.9 In(6) - 2.4111[8)] — [U.an(l] -24 ln{ﬁ)]
=33In6-72In2-09n2
=33In3—4.8In2 Al 1.1b
(8)
(11marks)
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June 2019 Question 5 Paper 2

5.
VA
}.? = \f’;
P
}?
0 4 ox 9 M
Figure 3

Figure 3 shows a sketch of the curve with equation y = Jx
The point P(x, y) lies on the curve.
The rectangle, shown shaded on Figure 3, has height y and width dx.

Calculate

dx—0

9
lim ZJE Sx
x=4
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ANSWER
Question Scheme Marks | AOs
g 9
5 States umDZJE Sx is I Jx dx Bl 1.2
‘ x=4 4
2 27
- {—xi—| M1 I.1b
3
4
3
= :)(95 —E
3 3
:E or 12% or awrt 12.7 Al 1.1b
(3)
(3 marks)
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June 2019 Question 14 Paper 2

14. (a) Use the substitution u = 4 — Jh to show that

dh
j = —8In[4 — Vh|-2vh +k

4 —

=

where k is a constant

(6)
A team of scientists is studying a species of slow growing tree.

The rate of change in height of a tree in this species is modelled by the differential equation
dn 1 (4 _ \fﬁ ]
dr 20

where /1 is the height in metres and ¢ is the time, measured in years, after the tree is planted.

(b) Find, according to the model, the range in heights of trees in this species.

(2)
One of these trees is one metre high when it is first planted.
According to the model,
(c) calculate the time this tree would take to reach a height of 12 metres, giving your
answer to 3 significant figures.
(7
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ANSWER
Question Scheme Marks | AOs
d [ dh
14 (a) ﬁa.-:4—\l'f_r::>5 & ——h?* or —=-2(4—u) or —:—24'!; Bl I.1b
dh 2 du u
[y T,
j_‘”‘ - J 244 4, MI 2.1
4—4fh u
8
:I[——+2Jdn M1 1.1b
u
=—8lnuw+2u {+c!} Ml L.1b
Al 1.1b
:—Sln‘xl—ﬁ‘um—ﬁ)m = —sln‘4—ﬁ|—2ﬁ +k * Al* 21
(6)
dh  **(@4-+h)
—_— = ==t 4—afh =0
(b) {dr 0 Jh MI 3.4
Deduces anyof 0<h <16, 0=h <16, 0<h=16, 0=h<16, , 29
h<16, h<16 orall values up to 16 A £-ca
(2)
(c) j L = ILrU-lfdz Bl 1.1b
Way 1 (@—+h) 20
1 s M1 1.1b
~8Ind4 i - 2/l = 1 el N T
{t=0,h=1=} -8In(4-1)-2,J() :ém)”j“ Ml 3.4
—c=-8In(3)-2 = 4;1;;\4-@]- 24 = 1'% _8In(3)—2
25
I dM1 3.1a
th=12=) —31n|4—\fﬁ‘—2~,:’1_:Er'-fi—sma}—z
% =221.2795202... = t= '%/221.2795... or t=(221.2795..)" M1 I.1b
t=75.154...=1t= 752 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (c) in part (b) (7)
12 T
(©) J‘ 20 dh = j PLECER
h = Bl 1.1b
Way 2 . (4=+h) 0
iz T4 T M1 1.1b
20(—8In|{d—~/h|-2+h) | =| =¢'*
[D{ “| ’“"_| ‘"_]l [5 ]U Al 1.1b
25 M1 34
20(—81In(4—12)— 2:/12) - 20(—8In(4 —1)— 21) = dps_g
5 dM1 3.1a
7' =221.2795202... = T'='%221.2795... or T'=(221.2795...)" M1 1.1b
T=75154... =T = 752 (years) (3 sf) or awrt 75.2 (years) Al 1.1b
Note: You can recover work for part (c) in part (b) (7)
(15 marks)
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June 2018 Question 7 Paper 1

7. Given that k € Z°

(a) show that -[

(b) show that

3k
dx is independent of &,

v (3x —k)

2k 2
-[ ——dx is inversely proportional to £.
k (2x — k)

:BW‘:/J/J>

4)

3)

ANSWER
Question Scheme Marks AOs
7 (a) * M1 1.1a
2 dx:ghl{iix—k]
J (Bx—k) 3 Al 1.1b
- 2 2 2
dx==In(9% —k)—ZIn(3k k) dM1 1.1b
J. Bx-k) 3 3
=g]n & =—In4 oe Al 2.1
3 2K
4)
(b) r
2 gy M1 1.1b
J (2x—k) (2x—k)
- 2k 2 ] ]
——dx=— + dM|1 1.1b
J. 2x—k) (4k—k} (Zk—k]
—i l Al 2.1
3%\ "k '
3)
(7 marks)
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June 2018 Question 10 Paper 1

10. The height above ground, /{ metres, of a passenger on a roller coaster can be modelled by
the differential equation

dH  Hcos(0.25r)
dr 40

where 1 is the time, in seconds, from the start of the ride.

Given that the passenger is 5m above the ground at the start of the ride,

(a) show that H = 5¢%!sin(0-250)

(3)

(b) State the maximum height of the passenger above the ground.

(1)

The passenger reaches the maximum height, for the second time, T seconds after the start
of the ride.

(c) Find the value of T.
(2)
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ANSWER
Question Scheme Marks AOs
10(a) dH _ Hcos025t _ [(1 . [c0s0.25 M .
d 40 H° 7|7 40 2-1a
In H = -sin0.25 M o
=—5mub.Lot|+¢
10 (+¢) Al I.1b
Substitutes 1 =0, =5=c=1In(5) dM|1 34
In Las Ls,in 0.25¢ = H =5¢" 150250 = Al* 2.1
5 10
(5)
(b) Max height = 5¢”' =5.53m  (Condone lack of units) Bl 3.4
(1)
(€ Sets 0251 = ST’T M 3.1b
314 Al 1.1b
(2)
(8 marks)
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June 2018 Question 13 Paper 1

13. Show that

rzx\HH 2dx = 2(2 + JE]
i}

15
(7
ANSWER
Question Scheme for Substitution Marks AOs
13 2
Chooses a suitable method for J 2xx+2 dx
0
Award for M1 3.la
* Using a valid substitution u =..., changing the terms to u's
e integrating and using appropriate limts .
Substitution Substitution
dx dx Bl 1.1b
U=~x+2=—=2u oe u=x+2=-—=1 oe
du du
J. 2xx+2 dx j 2x\x+2 dx
M1 1.1b
=.[.4(u2¢2]zfdu :IA(uiz)JJdu
= Pu’ + O 3 T3 dM1 2.1
=Pu £ Qu =Su’ +Tu? :
4 ; 8 , 4 2 82
3 u 3 u 3 u Fu
Uses limits 2 and 2 the Uses limits 4 and 2 the correct ddM1 L 1b
correct way around way around
32
= *
_15(2+Ji) Al* 2.1
)
(7 marks)

Aroncha Ruiz

Copyr‘iah-l- 2023 © Better your Maths

47




June 2018 Question 10 Paper 2

10. A spherical mint of radius 5 mm is placed in the mouth and sucked.
Four minutes later, the radius of the mint is 3 mm.

In a simple model, the rate of decrease of the radius of the mint is inversely proportional
to the square of the radius.

Using this model and all the information given,

(a) find an cquation linking the radius of the mint and the time.
(You should define the variables that you use.)

)
(b) Hence find the total time taken for the mint to completely dissolve. Give your
answer in minutes and seconds to the nearest second.
(2)
(c) Suggest a limitation of the model.
(1)
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ANSWER
Question Scheme Marks | AOs
dr 1 dr k
10 (a —xt+t— o —=%+— for k or a numerical k M1 33
@) dr r dr e [ )
jf‘g dr= |tkdr = (for k or a numerical k) M1 21
|
Er‘=ik: {+c) Al I.1b
t=0,r=5and t=4,r=3 t=0,r=5and t=240,r=13
e La 49 125 o L 49 125 M1 3.la
wes —F =——[+ —, wves —F =— —1F+—,
SIVES 3 6 3 BVES 3 360 3
where r, in mm, is the radius where r, In mm, is the radius
{of the mint} and #, in minutes, 1s | {of the mint} and ¢, in seconds, is
. . . . . . . : Al 1.1b
the time from when it {the mint} the time from when it {the mint}
was placed in the mouth was placed in the mouth
(3)
4
(b) r=0:;»0=—?9r+%:;~ 0=—49+250 =r=.. M1 34
time = 5 minutes 6 seconds Al 1.1b
(2)
(c) Suggests a suitable limitation of the model. E.g.
¢ Model does not consider how the mint is sucked
¢ Model does not consider whether the mint is bitten
e Model is limited for times up to 5 minutes 6 seconds, o.e.
e Not valid for times greater than 5 minutes 6 seconds, o.e.
*  Mint may not retain the shape of a sphere (or have uniform
. T Bl 3.5b
radius) as it is being sucked
e The model indicates that the radius of the mint is negative after
it dissolves
e  Model does not consider the temperature in the mouth
e Model does not consider rate of saliva production
« Mint could be swallowed before 1t dissolves in the mouth
(1)
(8 marks)
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June 2018 Question 13 Paper 2

13.
VA

N

=¥

Figure 2
Figure 2 shows a sketch of part of the curve C with equation y = xIlnx, x > 0

The line / is the normal to C at the point P(e, ¢)

The region R, shown shaded in Figure 2, is bounded by the curve C, the linc / and the x-axis.

Show that the exact arca of R is Ac¢” + B where A4 and B are rational numbers to be found.

(10)
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ANSWER
Question Scheme Marks | AOs
3 C:y=xlnx; 7is a normal to Cat P(e, €)
Letx, be the x-coordinate of where / cuts the x-axis
b 1nx+\[l} I=1+Inx} Ml 2.1
dx x Al 1.1b
x=e,m. =2 =>m, = -3 2}—82—%(1—3)
M1 3.la
1
3 _[}:}—ﬂ:—E(_Y—E) = Xx=
! meets x-axis al x=3e (allow x=2e+elne) Al 1.1b
{Areas:} either j xnxde = .. T= .. or I;{l{their x,)—ee MI 2.1
1 L
xlnxdx = | 121 2 {dx} M1 2.1
| 2 2 '
1 2 1 W 1 dM1 1.1b
“‘I _x ”‘1" Al | Lib
Area( R, j de = ... DA R,)=—((tl
rea(R)=| xhnxde =[ .. | = rea(R,)= (( eir x,) —e)e M 11
and so, Area(R) = Area(R,) + Area(R,) {—IL +L+e’}
Area(R)=3e¢" +1 Al 1.1b
(10)
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