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Ch. 10: Numerical Methods

June 2023 Question 15 Paper 1
15. A curve has equation y = f(x), where

7xe*

f g
N

x> In%‘E
(a) Show that

_ 7 (€2 - x) + Ax + B)

£'(x)

3
2(e’ - 2)2
where A and B are constants to be found.
)
(b) Hence show that the x coordinates of the turning points of the curve are solutions of
the equation
2¢™ -4
X = 3x
e’ +4
2)
3x
The equation x = S ia has two positive roots a and f where f > a
A student uses the iteration formula
26 -4
e g
in an attempt to find approximations for e and S
3x
Diagram 1 shows a plot of part of the curve with equation y = Py and part of the
line with equation y = x
Using Diagram 1 on page 42
(c) draw a staircase diagram to show that the iteration formula starting with x =1 can
be used to find an approximation for
(1)
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Use the iteration formula with x, = 1, to find, to 3 decimal places,
(d) (1) the value of x,
(i1) the value of f

3)
Using a suitable interval and a suitable function that should be stated
(e) show that a = 0.432 to 3 decimal places.
2)
Only use the copy of Diagram 1 if you need to redraw your answer to part (c).
VA YA
| |
| |
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| |
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| |
| |
| |
| |
| | I |
I | . I 1 .
Diagram 1 copy of Diagram 1
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ANSWER
Question Scheme Marks AOs
15(a) Lxet +...e’ M1 1.1b
}'c(xe“+c") Al 1.1b
1
i( e‘x—z):lme“(e"-‘—z)z Bl | LIb
dx 2
! 3 .
3x 2 man Xogmgn gy n = mdn e 3x 2.,mnan x
(f'(x)_) (e =2)2("7"xe" +"7"e") > e (e =2) 2x"7"xe dM1 21
e -2
Te' (e (2—x)-4x—4
f'(x)= ( 3 ) Al 1.1b
2(e* -2)?
(©)
(b) e(2-x)—4x—4=0=x(..e™t.)=. +... M1 1.1b
W
g2 4, Al* | 2.1
e’ +4
2)
(c) Draws a vertical line X =1 up to the curve then across to the line y =x
then up to the curve finishing at the root (need to see a minimum of 2 Bl 2.1
vertical and horizontal lines tending to the root)
(M
(d)(i) 3_
%= 24 1 5017756... MI | 11b
e +4
x, =awrt 1.502 Al 1.1b
(ii) £ =1.968 dB1 2.2b
3)
(€) 2¢ —4
h(x)=25 "7
=" Ml | 3.la
h(0.4315)=-0.000297...  h(0.4325)=0.000947...
Both calculations correct and e.g. states:
e There is a change of sign
oo . Alcao 2.4
e ec.g f'(x) 1s continuous
e a=0.432 (to 3dp)
)
(13 marks)
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June 2023 Question 5 Paper 1

5. A continuous curve has equation y = f(x).

The table shows corresponding values of x and y for this curve, where a and b
are constants.

x 3 3.2 34 | 36 | 38 -

y a 16.8 b 20.2 | 18.7 | 13.5

The trapezium rule is used, with all the y values in the table, to find an approximate area
under the curve between x =3 and x =4

Given that this area i1s 17.59

(a) show that a +2b =751
3)

Given also that the sum of all the y values in the table is 97.2

(b) find the value of @ and the value of b
3)
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ANSWER
Question Scheme Marks AOs
5(a) h=0.2 Bl 1.1b
%x"O.Z"x{a+13.5+2(16.8+b+20.2+18.7)}=17.59 Ml 1.1b
eg. > a+13.5+2b+1114=1759= a+2b=51* Al* 2.1
3)

(b) a+168+b+202+18.7+13.5=972>a+b=28=>a=..(or b=.. Ml 3.1a
a=5orb=23 Al 1.1b
a=5 and b=23 Al 1.1b

3)
(6 marks)
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June 2022 Question 6 Paper 2

Figure 2

Figure 2 shows a sketch of part of the curve with equation y = f(x) where
(1
f(x)=851n[5x)—3x+9 x>0

and x is measured in radians.
The point P, shown in Figure 2, is a local maximum point on the curve.
Using calculus and the sketch in Figure 2,

(a) find the x coordinate of P, giving your answer to 3 significant figures.

(4)
The curve crosses the x-axis at x = e, as shown in Figure 2.
Given that, to 3 decimal places, f(4)=4.274 and f(5)=-1.212
(b) explain why & must lie in the interval [4, 5]

(1)

(c) Taking x, =35 as a first approximation to a. apply the Newton-Raphson method once
to f(x) to obtain a second approximation to a.

Show your method and give your answer to 3 significant figures.

(2)
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ANSWER

Question Scheme Marks | AOs
6(a) , 1 M1 1.1b
(f'(x) —)4-;05[51]—3 Al L1b
Sets fr(_T)=4UUS[%_T)—3={]:>.T= dM1 3.1a
x=14.0 Cao Al 3.2a

(4)
(b) Explains that f(4) >0, f(5)<0 Bl 24

and the function is continuous '
(1)
(c) . 8sin2.5-15+9
Altempts X, =3 =~ 353" ML | Lib
(NB £(5)=-1.212... and f'(5)=—6.204...)

x, =awrt 4.80 Al 1.1b

(2)

(7 marks)
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November 2021 Question 4 Paper 1

4. The curve with equation y = f(x) where
f(x)=x"+In(2x* —4x + 5)
has a single turning point at x = a
(a) Show that & is a solution of the equation

2 —4x*+Tx—-2=0
4)

The 1terative formula
1
X = E (2+ 41'"2 - 21'”3)

1s used to find an approximate value for a.

Starting with x =0.3

(b) calculate, giving each answer to 4 decimal places,
(i) the value of x,

(i1) the value of x,

3)
Using a suitable interval and a suitable function that should be stated,

(c) show that a 1s 0.341 to 3 decimal places.
(2)
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ANSWER
Question Scheme Marks AOs
4(a) . 4x—4 M1 1.1b
f(x)=2x+—0n
(x) =2 s e+ s Al | Llb
2x+%:0:21[2x3—4_r+5)+4_1'—4:ﬂ dM1 | Llb
2x° —4x" +7x—2=0% Al* 2.1
4)
® %, :%(2+4{0.3): ~2(0.3)’) M1l | LIb
x, = 0.3294 Al 1.1b
(11) x, =0.3398 Al 1.1b
3)
(¢) h(x)=2x"—4x" +7x-2
M1 3.1
h(0.3415)=0.00366...  h(0.3405)=-0.00130... ?
States:
e there is a change of sign
£(x) i : Al 2.4
e {'(x) is continuous
o ¢=0.3411to03dp
(2)
(9 marks)
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November 2020 Question 7 Paper 2

Figure 1
Figure 1 shows a sketch of the curve C with equation

‘ 4x2+x_4l 5
y= N nx x>

(a) Show that

dy 12x¢7 +x - 16Vx

dx dxx
4)
The point P, shown in Figure 1, is the minimum turning point on C.
(b) Show that the x coordinate of P is a solution of
2
(4 _xY
x=|=-2X
3 12
(3)
(¢) Use the iteration formula
2
L
X, = 371 with x, =2
to find (i) the value of x, to 5 decimal places,
(11) the x coordinate of P to 5 decimal places.
(3)
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ANSWER
'?.
@) Inx > Bl I.1a
X
‘ o 4AxT +x
Method to differentiate — s¢e notes M1 1.1b
2x
1 1
E-g-in:r:-r——x—xl Al 1.1b
2 22
dy 1 4 12x°+x—16J/x
=3Jx + -—= Al* 2.1
4x x 4x~x
(4)
(b) 12X + x—16/x =0=12x" +x' =16 =0 Ml 1.1b
3
Eg. 12x2 =16 \.f; dM1 1.1b
o4 I R Al 21
3 12 3 12
(3)
() R
X, = {i—ﬂl M1 1.1b
: 3 12
x2 = awrt 1.13894 Al 1.1b
x=1.15650 Al 2.2a
(3)
(10 marks)
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June 2019 Question 11 Paper 2

11.

L

=V

Figure 8

Figure 8 shows a sketch of the curve C with equation y = x*, x > 0
(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

The point P(a, 2) lies on C.
(b) Show that 1.5<a< 1.6

A possible iteration formula that could be used in an attempt to find « is

x ,=2x"%

n+l "

Using this formula with x = 1.5

(c¢) find x, to 3 decimal places,

(d) describe the long-term behaviour of x
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ANSWER
Question Scheme Marks | AOs
11 (a) {y=x"=} Iny=xlnx Bl l.1a
Way 1 1 dy M1 1.1b
——=l+Inx
ydx Al 2.1
dy X
—=0=; —+Inx=0 or l+lnx=0=>hx=k=x=.. M1 1.1b
dx X
x=c¢' or awrt 0.368 Al 1.1b
Note: k=0 (5)
(a) {y=x" =} y=e™ Bl l.1a
Way 2 dv (x xinx M1 1.1b
—=| —+Inx |e"™
de \x Al 2.1
dy X
—=0=¢: —+lnx=0 or l+lnx=0=>hx=Fk=x=.. M1 1.1b
dx X
x=c¢' or awrt 0.368 Al I.1b
Note: k=0 (5)
(b) Attempts both 1.5"° =1.8... and 1.6'° =2.1... and at least one result is M1 1 1b
Way 1 ; .
ay correct to awrt | dp
1.8...<2 and 2.1...> 2 and as (' 1s continuous then 1.5<a <1.6 Al 2.1
2)

() Attempts x,,, =2x,' ™ at least once with x, =1.5 M L1b
Can be implied by 2(1.5)""* or awrt 1.63 )
{x,=167313...=} x,=1.673(3dp) cao Al 1.1b

| @)

() Give 17 B for any of Give B1 BI for any of ”

» oscillates ¢ periodic {sequence} with period 2 Bl 2.5
¢ periodic e oscillates between | and 2
* non-convergent Condone B1 B1 for any of
» divergent o fluctuates between | and 2
o fluctuates * keep getting 1, 2 BI 25
» goes up and down » alternates between | and 2 -
e [ 2. 1,2,1.2 s goes up and down between 1 and 2
o alternates (condone) e 1,2,1,2,1,2,...

(2)

(11 marks)
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June 2018 Question 4 Paper 1

4. The curve with equation y = 2In(8 — x) meets the line ¥ = x at a single point, x = a.

(a) Show that 3 < a < 4

(2)
VA
y=x
T
y=2In(8 — x)
T >
0 4 \ .
Figure 2
Figure 2 shows the graph of y = 2In(8 — x) and the graph of y = x.
A student uses the iteration formula
x ., =2In8-x), neN
in an attempt to find an approximation for a.
Using the graph and starting with x = 4
(b) determine whether or not this iteration formula can be used to find an approximation
for a, justifying your answer.
(2)
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ANSWER
Question Scheme Marks AOs
4 (a) Attempts f(3)= and f(4)= where f{x}:i(Zhl(S—x)—x) M1 2.1
f(3)=(2In(5)—x) =(+)0.22and f(4)=(2In(4)-4)=-1.23
Al* 24
Change of sign and function continuous in interval [3,4] = Root *
(2)
(b) For annotating the graph by drawing a cobweb diagram starting at
. M1 24
x, =4 Tt should have at least two spirals
Deduces that the iteration formula can be used to find an approximation
: : . Al 22a
for & becausc the cobweb spirals inwards for the cobweb diagram
(2)
(4 marks)
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June 2018 Question 5 Paper 2

5. The equation 2x* + x” — 1 = 0 has exactly one real root.

(a) Show that, for this equation, the Newton-Raphson formula can be written

4x": +x?+1
x —= L L]
i 6x* + 2x,

3)
Using the formula given in part (a) with x, =1
(b) find the values of x, and x,
(2)
(c) Explain why, for this question, the Newton-Raphson method cannot be
used withx, =0
1)
ANSWER
Question Scheme Marks | AOs
5 The equation 2x” + x* —1=0 has exactly one real root
(a) {f{x)=2x‘+x3—1:>} f'(x)=6x" +2x Bl 1.1b
f(x ) 2x P+ x -1
x =x —2- =l ly l=y = 8 M1 1.1b
{ ntl n '- (_T.'") } { u-l} n 6I"_ +23{‘"
x (6x 7 +2x )~ (2x +x 7 1) 4x 4 x?+1
= M H 1] H ;] :} = M - i #* AI E 2.]
6)‘.'”2 + qu x"+l '63:; + 21'"
q 3)
1) +(1)° +1 201 +(1)* -1
(b) ==y = 20O 20D ] M1 | Lib
T 6(1) +2(1) 2 6(1)% +2(1)
2
= Xy ==, Xy == Al 1.1b
-4 3
2)
(c) Accept any reasons why the Newton-Raphson method cannot be used
with x, =0 which refer or allude to either the stationary point or the
tangent. E.g.
s There is a stationary point at x =0 Bl 23
e Tangent to the curve (or y=2x" +x’ —1) would not meet the x-axis
 Tangent to the curve (or y=2x" +x° —1) is horizontal
(1)
(6 marks)
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June 2018 Question 14 Paper 2

14. A scientist is studying a population of mice on an island.

The number of mice, N, in the population,  months after the start of the study, is
modelled by the equation

900

N=—, ek, 120
34+ TE_H'ISJ
(a) Find the number of mice in the population at the start of the study.
(1
v . . dN  N@300-N
(b) Show that the rate of growth — is given by — = NGO - N)
dr dr 1200 )
The rate of growth is a maximum after 7 months.
(c¢) Find, according to the model, the value of T.
4)
According to the model, the maximum number of mice on the island 1s P.
(d) State the value of P.
(1)
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ANSWER
Question Scheme Marks | AOs
T T N
14 N :ﬂ.,ﬁ =9003+7e ™) tek,1=0; dv _ N@300—N)
3+7e dr 1200
(a) 90 Bl 34
)
i i -0251 M1 2.1
Way 1 dr (3+Te ™) Al 1.1b
' 3
900(0.25) [900 -3
dN N )
— = 3 dM1 2.1
a (20
N
correct algebra leading to N _NCO-N) -, Al* 1.1b
di 1200
@
; C 0.25¢ M1 2.1
B V0034 7e 0y (7(-0.25)%) {: ALl 0.8 }
Way 2 de (3+7e") Al I.1b
900 (300900
NBOO-N)  (347¢ %™ 3+7e " dM1 2.1
1200 1200
1575¢
= a1 a.omnz 0€
(3+7e ")
o -0.25¢ -0.25¢
RHS = 900(300(3+Te “}:900] _ 1575¢ e Al* 1 1b
1200(3 + Te "2 )? (3+7e ")
dN N(300-N
and states hence IZ(ITO) (or LHS =RHS) *
“)
(c) Deduces N =150 (can be implied) Bl 2.2a
s0150= 20, goasr 3 M1 3.4
3+7e 7
T 41“@] or T'=awrt 3.4 (months) dM1 I.Tb
7 Al 1.1b
)
(d) either one of 299 or 300 Bl 34
1)
(10 marks)
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